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GENERATING SERIES TECHNIQUES FOR COMPUTING
DARMON-DASGUPTA UNITS OVER REAL QUADRATIC
FIELDS

MATEO CRABIT NICOLAU

ABSTRACT. Taking advantage of recent progress on Hilbert’s twelfth problem,
we describe a new algorithm to compute p-units in abelian extensions of real
quadratic fields. This algorithm builds on recent work of Charollois which
provides formulas for the p-adic interpolation of special values of Lerch’s
cotangent zeta function. These special values are given as coefficients of
products of elementary generating series. Using the FLINT Library for fast
computations of these coefficients, we are able to compute these p-units to
1000 digits of p-adic precision for small primes p. We are also able to do these
computations for primes p up to 600. This is an order of magnitude better
than previous works.
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1. INTRODUCTION

Let F be a real quadratic field, let p be a prime number inert in F' and £ > 3 be an
auxiliary prime different from p. In 2006, Darmon and Dasgupta [DDO06] constructed
a p-adic invariant us(w) attached to a real quadratic irrationality w € F. The p-adic
number wuy(w) is defined as a multiplicative integral with respect to a p-adic measure.
They formulated an algebraicity conjecture for this p-adic invariant, predicting that
ug(w) is a p-unit in the narrow ring class field H, of Q(w). Their explicit formula
for ug(w) makes it a genuine refinement of the Gross—Stark conjecture. Taking
advantage of this description, Dasgupta deduces in [Das07] an algorithm to compute
this p-unit. More precisely, they introduce a p-adic measure p? D on Zg — ng such
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that

(1) log, (u(w)) = / log, (z — wy)duPP (z,y),
Zg—ng

with log,, : F, — O), the branch of the logarithm that vanishes at p. The field F, is
the completion at p of F' and O, is its ring of integers. They have explicit formulas
to compute this integral (see Subsection 3.2 for more details). The computations of
Dasgupta and of Fleischer-Liu [FL21] done for various primes p < 19 and with 100
digits of p-adic precision are in agreement with the conjecture.

This conjecture is now a theorem thanks to the recent groundbreaking work of Das-
gupta and Kakde [DK24] (Theorem 1.6) which, together with [Das08] Theorem 8.3,
asserts the algebraicity of the p-adic number uy(w).

Our goal in this paper is to describe a new efficient algorithm to compute the
p-units us(w). To do so, we will use the results of Charollois [Cha26] relating the
values of the Lerch secant zeta function with p-adic integrals. These values can
be computed as coefficients of generating series which are products of classical
generating series for Bernoulli polynomials. For example, one typical generating
series we will need to compute is

) holt) = gy

where § € Q(w) is a unit in Z[w] of norm 1. This generating series has been studied
by Lerch in [Ler04]; Lerch states that for k € Z>( the 2k-th coefficient is given by

(71)]C hﬂ(t)[t%] _ f COt(nﬂ’/T)

(3) 1-— B2k — (2nm)2k+1’

Here, hg(t)[t**] denotes the coefficient of t?* in the generating series hs(t). Following
[Cha26], we will introduce a generating series hY which is a sum of generating

series similar to hg(t). We prove in Theorem 6 that the coefficients of hY encode
moments of the form

(@) A=t h OO = [ o) )

where m € Zx> is even. Using the FLINT library [FLI25], we are able to calculate

efficiently these moments as coefficients of the generating series th ). We give an
algorithm to compute log, (u¢(w)) using these moments by extracting coefficients

of h{Y. This will allow us to compute the p-unit uy(w) for primes p up to 600 in
favorable cases. For smaller primes p such as p = 7 or p = 11, this strategy also
allows us to compute with very high accuracy, such as a thousand p-adic digits, a
significant improvement in the computational aspect of Hilbert’s twelfth problem
for real quadratic fields.

We now describe the structure of this paper. First, we recall the strategy to
interpolate Bernoulli numbers as this can be considered as the one dimensional
case of our method. Next, we introduce the generating series hff ). In Subsection
2.3, we give an algorithm to compute its coeflicients. Theorem 6 relates these
coefficients with moments of the measure uP?. Using Proposition 8, we give an
algorithm in Section 3 to compute wuy(w). To do so, we relate the p-adic integral
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appearing in Equation (1) to coefficients of multiple generating series similar to th )
(see Equation (40)). In Propositions 11 and 12, we compare the complexities of our
algorithm and Dasgupta’s algorithm, showing improvements with respect to both
the size of the prime p and the precision parameter M. Finally in Section 4, we give
tables of examples of computations of several us(w) that live in the narrow Hilbert
class field of F' for various primes p < 600 and discriminant D.
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to this problem, for his guidance and insight during this work and for his detailed
feedback. I would also like to thank the FLINT team for their warm welcome at
the FLINT development workshop in October 2025, especially Fredrik Johansson
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Marti Roset Julia and Jan Vonk for our discussions.
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2. GENERATING SERIES

2.1. Kummer’s congruence for Bernoulli numbers. As our approach will
bear a resemblance to the strategy to p-adically interpolate Bernoulli numbers, we
give a quick summary of the steps involved. Recall the definition of the Bernoulli
polynomials b (z) using the following generating series

(5) folz) = e = ()t

- eI —
k>0

Here, k!bg(z) = By(z), where B (z) denotes the usual k-th Bernoulli polynomial.
Following [Kob84] Chapter II, a way to p-adically interpolate the Bernoulli numbers
bi(0) is as follows. Attached to an odd prime number p, one can define a distribution
ib1 on Zy, by:

(6) pv,1(a+p"Zp) = by (;)

for any 0 < a <p" —1 and r € Z>(. This distribution is not a measure as it is not
bounded when r grows large. To deal with this, we will do a smoothing. Let ¢ be a
prime number different from p and define the smoothed Bernoulli distribution on a
compact open subset U of Z,, as

¢ _
(7) # 3 (V) = 2 (U) = £ o (00),
The distribution ,ugi is now a measure on Z, (see [Kob84] Subsection 2.5). For

k € Z>o, we have a particularly interesting relation between ufﬁ and b (0):

1
(8) 1P (0) = e [ )
Note the independence of £ on the left-hand side of the equality. The right-hand

side allows us to define the value of the Kubota—Leopoldt zeta function on negative
integers:

9) G(L=k) = —(1—p* )k = 1)l (0).
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Let’s now remark that the generating series

400 1
0) = > bi(0)a* " € ~Qla]
k=0

is a generating series with rational coefficients such that for any prime number p,
the quantity

(1 —p*)k! £2(0)[*]

can be p-adically interpolated when k varies. More precisely, we have the following
special case of Kummer’s congruence.

Proposition 1 (Kummer). Let m,m’ € Z, N >0, k = m(p — 1)p" and k' =
m/(p — 1)pN. Then

(1= p")k! by 1 (0) = (1 — p* )k U by 41 (0) mod pN+1.

The following construction can be considered as a 2-dimensional case of this
subsection.

2.2. Product of generating series. For any z € R, define its fractional part {z}
by

0<{z} <landz—{z} €Z.

Let ¢ > 0,d be two coprime integers and v = (v1,v2) € Q2. We now define the
generating series in two variables:

(10)  g(c,d,v) me<{vl —=(+v )})@(wrc{”?})e xiy@[[w,y]].

Let w be a real quadratic number and 8 = cw + d. We also define

(11) ot e, d,v) = gle,d, o)t 1) € 5 Q)]

Remark 2. When v = (0,0) and (¢,d) = (1,0), we are in the case considered by
Lerch in Equations (2) and (3).

When v = (0, %), Charollois—Greenberg proved a relation similar to Equation (3),
see [CG14] Equation (5). For suitable (c,d), they prove that for all k € Z>1, there
is an explicit constant C), € Q such that

+o0 w
1 3\ r,2k—1 sec(ngﬂ)
— Ryt $2k-1) = 2/
1 _ng 1 ( C d ( 4))[ ] Ok”; (27Tn)2k
They deduce that the right-hand side of the equality lives in Q(w), as conjectured by
Lalin, Rodrigue and Rogers in [LRR14].

2.3. Fast computations of coefficients of products of generating series.
The coefficients of h, (and of its smoothed version hff ) introduced below, see
Equation (15)) will be our main interest in this paper. They will also be the main
computational challenge when it comes to computing Darmon-Dasgupta units with
our method. In this subsection we explain our strategy to compute efficiently
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the coefficients of h,. Recall that for some given integers ¢ > 0,d, and a vector
v = (v1,v2) € Q?,

ho(t, ¢, d, v) c}fft<{ul_]+02)}>fﬁ <J+{v2}>

el ptfvi—2(j+v2)} eﬁt(@)
CEDRCENR

(12)

§=0
where f = cw + d € Q(w). A priori, this is a generating series with coefficients

in Q(w). However, in our implementation, we perform as many computations as
possible over Q. Our problem boils down to computing quickly the coefficients of

ft({vl - %l(j + U2)}>fﬁ (J * {U2}>

for 0 < j < c¢—1. To do so, we will call the FLINT [FLI25] library using SageMath
[The22]. FLINT has a routine which allows us to compute quickly the product and
inverses of generating series with rational coefficients.

To compute hy(t,c,d,v), we will compute the generating series with rational
coefficients

tf ({m—d( +v2)}) —tet{vl_ e and tft(j—i_jw}):te

et —1 el —1

pit{val

Note that we multiplied by t both generating series so et;1 € Q((¢)) is in fact

invertible in Q[[¢]]. Then, we only need to do one last sum of elements of Q(w) :

({20 ) (222 |
R i o P e (fo - 2G4 ),

This gives us the following algorithm to compute the coefficients of h,,.

Algorithm 1: Computing the coefficients of h,,(t, ¢, d, v)

Input: An integer n, a real quadratic number w, two integers ¢ > 0,d, a
vector v = (v1,v2) € (Q/Z)%.
Output: The coefficient h, (¢, ¢, d,v)[t"].

Compute 47—1 up to t"+1;

Compute <ett1> 1 up to t"+1
for 7=0,..,c—1do
Compute the generating series t f; <{v1 — %(j + vg)}> and tf; (Mfz}>
up to t"t+1;
Compute fi ({vl — 4+ vg)}>f5t (W) [t"] using Equation (13);
return hy,(t,c,d,v)[t"]
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The library FLINT [FLI25] also allows us to compute generating series with coeffi-
cients in Q(w), however staying in Q for most steps makes for faster computations.

We describe the strategy used by FLINT for these calculations. First, we need to
be able to compute the inverse of the generating series

et —1
t

This is done using Newton iteration. Then, the product of polynomials to compute
f+ is done using fast Fourier transform (FFT) for polynomials of high degree.
Otherwise, it is done using linear recurrence. See [Ber08] for more details. The
FFT and the computation of the inverse up to O(tM) are done in O(M log(M))
computations in Q. The coefficients of the generating series grows as Bernoulli
numbers in (O(M log(M))). The time complexity to compute the M first coefficients
is O(M?2log(M)?). From there, it is the same complexity to compute hy, (¢, ¢, d, v)[t*]
for all £k < M.

We now explain how the coefficients of a smoothed version of h,, can be understood
as p-adic integrals.

2.4. p-adic measures on Zi. For any integer M > 1, the generating series
g(c,d,v)(x,y) satisfies the distribution relation

0 X oo (U ) ) = ote (. 1),

i,j=0

We will deduce that the coefficients of g have a p-adic interpretation as integrals on
Zg - pi,. To do so, as it was the case with the Bernoulli numbers in Subsection 2.1,
we introduce a smoothed version of this generating series. Let ¢ > 0 be an integer
divisible by a prime number ¢ > 3, and let d be an integer coprime to c. Define

s o)) =g (o)) (5. 4) ~tated ) o)

and

(15) RO (t, ¢, d, v) := hg, (2 % d, (fvy, v2)> —Clhy(t, ¢, d, (v1,v2)).

Proposition 3. The generating series g\ (c,d,v)(z,y) is reqular at (x,y) = (0,0).
Furthermore, if £ > 5, then g()(c, d,v)(0,0) € Z and g (c,d,v)(0,0) € %Z if £ = 3.
Proof. This proposition is a special case of Theorem 4 in [CDG15]. Using their
notation, we are in the case where A = (g i) €Ty(l),n=2, P=1and Q € R?

a suitable sign-vector. For more details, see [Cha26] Proposition 2.3.

Let p be an odd prime number. We define a measure py(c,d) on Zg — pi, as
follows.

Definition 4. For (a,b) € Z2 — pZ2 and r > 1, let

(16) Uap,r = (a,b) + p'Z2.
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Let ¢ # p be an odd prime number, let ¢ € Z~( be divisible by ¢, and let d € Z be
prime to c. We define the value of (¢, d) on the compact open subset U, 3, by
(17)

we(e,d)(Ugpr) == (549([) <c, d, <a) b)> (0,0) = 5€hg) (@Q d, (a’ b)) [tOL
propr propr

where

¢ ifl=3
18 by =
(18) ¢ {1 if 0> 5.

Lemma 5. The assignment
Ua,b,r — Mf(cv d)(Ua7b;7")
defines a Z-valued measure on ZIQJ — pi).
Proof. The sets Uy form a basis of compact open subsets of Zf) — pZ?,. To show

that pe(c,d) is a p-adic distribution, it is enough to check that for all (a,b) €
[0,p—1]2\ {0,0} and r > 0,

p—1
(19) pe(e,d)(Uapr) = Y (e, d)(Uapipr b jprri1):
i,j=0
This equality comes from the distribution relation (14) satisfied by the generating
series g(c,d, (a/p",b/p")) and its smoothed version ¢g¥)(c, d, (a/p",b/p")). The fact
that wue(c,d) is Z-valued is a immediate consequence of Proposition 3.
O

We can write explicitly the right-hand side of Equation (17) as Dedekind sums.
Let by be the 1-periodic function equal to b; on [0,1[. We define the Dedekind sum
for each matrix o € My(Z) and r, s € Z>¢ by

(20) D, s(o,v) = Z B, s(c7 (z +v)),

z€Z? /072

where for y = (y1,92) € Q, B, s(y) =rls! BT(yl)BS(yg). We have

(21) pe(e,d)(Ugpr) = D1a(o(c/l,d), (bv1,v2)) — €D1 1(0(c,d),v),
where (v1,v2) = (pi, 1%) and o(c,d) = <(1) i)

The following theorem relates the coefficients of hff ) with specific moments of
this measure.

Theorem 6. Let ¢ > 1 be an integer divisible by a prime £ > 3 and d € 7Z prime to
¢, let w be a real quadratic number. Let p # £ be a prime number. For any integer
m >0, for (a,b) # (0,0) mod p, we have the following equality in Q(w).

@) (ned (S0 = [ @ duted(e).
pp (a,b)+pZ2
When (a,b) = (0,0), we have

(23) (1 -p™)m! hg) (t,c,d, (0,0)[t™] = /22_ , (x 4+ wy)"dpe(c, d)(z, y).



Algorithmic Number Theory Symposium XVII, Groningen, July 6-10, 2026

8 MATEO CRABIT NICOLAU

Proof. Equation (22) is a consequence of Theorem 4.2 in [CD14]. Using the notation

of [CD14], we are in the case n =2, P = (z + wy)™, M = (Z(; g), v = (0,0) and

Q is an appropriate sign vector. For more details, see [Cha26] Theorem 2.7. We
deduce Equation (23) from Equation (22) as follows. From the distribution property

of h{ (implied by Equation (14)), we have
(24)  (1=p™hJ(t,e,d, (0,0 =p™ Y B (te,d, (a/p,b/p)[E"].

(a,b) mod p
a,b#0,0

We complete the proof by multiplying by m! and using Equation (22). |

Writing these coeflicients as integrals gives us the following congruences between
them.

Corollary 7. Let p > 3 be a prime number inert in Q(w) such that (w,p) = 1. Let
rk, k' € Z>o, such that k = k' mod (p? — 1)p", then

(1= ")kt ¢,d, (0,0) ] = (1 = p*)K1BLD (¢, ¢, d, (0,0))[¢F'] mod p"*.

Proof. Let (x,y) € Z2 — pZ2, then z 4+ wy # 0 mod p. Indeed, p is inert in Q(w) so
weFp —F, InFp, we have the congruence (z + wy)p2_1 = 1 mod p. Using the
fact that for any z € 1+ pO,, if n,n’ are two integers congruent modulo p”, then

n n

7
2" = 2" mod p" L.

We deduce that ,
(z +wy)® = (z 4+ wy)® mod p.

The measure py(c, d) has values in Z so
Up (/ (z + wy) dpe(c, d) —/ (2 + wy)* due(c, d)>2 r+1.
Z5—pZ3 72 —pZ3

Using Theorem 6 we are done. (]

The case of most interest for us will be when & = 0 mod (p? — 1)p”, note the
resemblance to Proposition 1. By taking this limit as k goes to 0 p-adically, we are
able to recover the integral of the log of the linear form x + wy (see Remark 10).
We now explain how this integral relates to the unit uy(w) introduced before.

2.5. Description of the Darmon—Dasgupta unit using generating series.
Let w be a real quadratic number, satisfying the quadratic equation

Aw? + Bu+C =0,

with integers A, B and C with ged(A4, B,C) = 1, where A > 0 is divisible by a

prime number ¢ > 3. Let v, = (Z Z) be the generator of Stabgr,(z)(w) such that

B =cw+d>1. Let p # £ be a prime inert in Q(w). The p-adic logarithm of the
Darmon-Dasgupta unit uy(w) is given by the following (see [Cha26] Theorem 2.9).

Proposition 8. With the notation as above,

(25) 5 log, (ue(~w)) = 12 / log, (z + wy)dpue(c, d) (. ),

2 2
prpr

where 6p =3 if £ =3, and oy =1 if £ > 5.
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Proof. We reproduce the proof of Charollois for completeness. We want to make
use of the formula (32) of [Das07]:

(26) 1ogp(ug(—w)) = /Z2— , logp(x + wy)dM?D{oo — Ccl}(m,y)

Here PP is the measure on 72 — pZ3, described in [Das07] Proposition 3.2.

c/l—1

{25

Jj=0

where b'{ is the 1-periodic function equal to by on ]0, 1] such that bti (0) = 0. Using

their notation, we are in the case where n; = £ and ny = —1. We alter the generating
series fi(z) to match this normalization of bg:

fi(2) ifo<z<1
(28) fi(z) = L e

fi(0)+5 ifz=1.

We define h! as h,, using Equation (11) by substituting f; for ftﬁ The ¢-smoothed

variant A2 is also regular at 0 and we can define a measure ,ug as in Definition 4.

By construction,

12

(29) souite.d) =2 {oo - 1.

The generating series hf, and h,, are equal up to an odd function and an additive
constant, more precisely,

(30) R (t.e,d, (0,0)) — ho(t,c,d, (0,0)) = (coth(t/2) + coth(t3/2) + 1) /4.

In particular, they share the same Taylor coefficient of t”* when m > 2 is even. This
is also the case for their £-smoothed version. Applying Theorem 6 to both these
generating series, we have for all m > 2 even

(31)
/ (2 + wy) " dpe(e, d) (, y) = / (& + wy)™dii (e, d) ()
73 —pZy 73 —pLy
1) d
—55 [, wrepradn{eo - e,
72—pZ2 c

Let m = (p?> — 1)p’/ and j — +o0, both sides go to zero in Equation (31) as the
total measure of Z2 — pZ2 is zero. Dividing by 8™ — 1 = (cw + d)™ — 1 both sides
and taking the limit, we have

(32)

12 / ) DD
—_— log, (z+wy)due(c, d)(x,y) = / log, (z+wy)du 00
log,(8) Jzz—pz2 A Jdpe(e, d)(@,y) log,(8) Jaz —pz2 »l e

Let’s remark that if v, = (z b) then (i 2) is a generator of Stabgy, z)(—w).

d )
We can finally invoke Equation (32) in [Das07]. Note that in [Das07], ¢ must be
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divisible by at least three numbers. However, as described in [Das08] Remark 8.2,
this construction can still be carried out when ¢ is prime. (I

By the reciprocity law stated in [DD06] Conjecture 2.14, and proved in [DK24]
Theorem 6, when the discriminant of O, is fundamental, we have

(33) up(—w) = up(w) = ug(w) .
To lighten the notation we will now write
(34) up(w) := up(—w).

Remark 9. If we took the quadratic form Q(z,y) = (x + wy)(x + w'y) € Q[z,y]
instead of the linear form (x 4+ wy), Lemma 4.6 of [DD06] would have given us a
weaker form of Proposition 8:

(35)  log, (oo, (i) = 5 [ og, (QGe.)du(e.d)(z.),

The left-hand side is also given as the value at 0 of the derivative of a p-adic zeta
function attached to F = Q(w) (see Equation (80) in [DDO6]).

Our goal for the remainder of this paper is to explain how to compute efficiently
the integral given in Equation (25). Using Theorem 6, this boils down to computing
certain coefficients of hff ), which can be done efficiently using the methods described
in Subsection 2.3.

Remark 10. From the proof of Proposition 8, we see that one strategy for computing
log,(uy(w)) is to express it as the limit

1 log,, (uj(w))
36 lim / z 4+ wy)* dug(e, d)(z,y) = —2——~
( ) . .7(_;""01(; ; Bk _ 1 ngng( y) /J“f( )( y) logp(ﬂ)
=(p*-1)p

Here k — 0 p-adically. In particular, using Theorem 6, we would need to compute
the (p?> — 1)pM-th coefficient of the generating series

rO(t, ¢, d,0,0)

in order to compute log, (uy(w)) to M digits of p-adic precision. However, computing
such coefficients becomes very challenging as M grows. Instead, we describe a strategy
that requires knowledge only of the first M + log(M) coefficients of

hé(AJE) (t7c’d7a7b)7
pp
fO’I“ (aab) € [0,2? - 1]2 - {(an)}

3. COMPUTING THE UNITS

3.1. An algorithm to compute the p-unit. Using Proposition 8, we want to
compute log,(uy(w)) as the integral:

12
=5,

12

(37) log, (up(w)) / log, (z + wy)dpe(c, d)(x,y) = (TIW’C’d'
72 —pZ?2 l

By decomposing Zf) — ng into residue classes modulo p, we obtain:

/
Lyca= Z / log, (z + wy)dpue(c,d)(z,y),
(a,b) mod p Uay
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where the prime indicates that the term (a,b) = (0,0) is omitted, and where
Uap = (a,b) +pZ2. We aim to expand the log around 1 so we write

loi= 3 / o (52 Y d) o) + Ty eV

(a,b) mod p
Let

i
Cw,c,d = Z logp(a + bCU)ug (Ca d)(Ua,b)'

(a,b) mod p

By definition of our measure, C,, 4 is given by
! () a b 0
(38) Cw,c,d = Z Ing(a + bw)hw l,c, da R [t ]
pp
(a,b) mod p
Given M > 0, we are left to compute
T+ wy
Toa= S [ om0 Jate e
(a,b) mod p

to precision O(p™*1). To do so, we use the power series expansion of log,, around
the point 1:

_1\n—1
(39) log,(1 + ) = Z %x”
n>1

Taking into account the denominator in p arising from %, we take the first M’ =
M + |log(M)] coefficients in the expansion. More precisely,

i Y / ( 22 Va9

(a,b) mod p

_ oy oy Lo (1) dute i+ 06

(a,b) mod pn=1

-y oyl Z() el @) duled)(ay) + 0@,

(a,b) mod pn=1

Finally, using Theorem 6, we have
(40)

1
Lem YY1 Z()WM APHD b, (G )]+ 0 ),

(a,b) mod pn=1

To recognize wu¢(w) knowing log, (u¢(w)), we will also need to know logg (u(w)) for
B, a primitive p* — 1 root of unity in F,. More precisely, let logﬁp be the discrete
logarithm with base 3,

logg : )¢ — 7)(p* —1)Z.

such that
# €1+p0, forall z € pr.
ﬂp Bp pordp(x)
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The expressions for logg (uy(w)) and ordy(uy(w)) can also be obtained by extracting
appropriate coefficients of generating series. Recall the definition of ug(c, d) =
%MDD{OO — 4} given in Equation (27). Using [Das07] Equation (31), we have

12
(41) logg, (up(w)) = (57/ y logg, (z + wy)d,ug(c, d)(z,y).

By decomposing the integral over residue classes modulo p, we obtain

(42)  logg (up(w)) = 12 Z’ logg (a + bw)hi") (t ¢, d, (Z Z))[to]

(a,b) mod p

where hBJ(Z) is defined analogously to hff ), using the function ff defined in Equa-
tion (28). Similarly, by [Das07] Equation (30),
-1

(43) ord (1) (w)) = g(hfjﬁ (t,¢,d,0,0)[t"] + 4).

The additive factor ZTTl arises from the fact that we choose ¢ to be prime in the
definition of uj(w). More precisely, it is included to match the zeta value defining
ord,, see [Das08] Equation (83).

The computation of the constant term of

strategy of Subsection 2.3, replacing f; by ff

K can be carried out using the

We see that the running time of Algorithm 1 is linear in ¢, the lower-left entry of
the stabilizer of w in SLo(Z). Since ¢ can become quite large, we explain how to get
rid of this dependence using the cocycle relations satisfied by the measure py(c, d).

As in [Das07] Algorithm 4.1, we write the modular symbol decomposition

(44) {oo — g}: Z a%i’y{oo — %}

1<i<t—1
YETo (4)

where almost all a,; are zero. In particular, we can rewrite the integral giving

log,, (uy(w)) as
(45)

/Z - log, (z+wy)du(c, d)(x,y) Za% / logp(gg Yy H(—w))du(l, ) (z, y).
2_p 2

Indeed, this identity holds for the measure u2?, see [Das07] Equation (45). Using
Equation (32) this also holds for our measure py. Equation (45) can be rewritten as

(46) Iw,c,d = Za'y,ijwﬁ,,é,ia
i,y

where

(47) wy = —(7"'(-w)).

We use the strategy described above to compute these integrals. We use the same
decomposition to compute logg(uy(w)) and ord, (uj(w)).
This gives us the following algorithm to compute log, (uj(w)), logg (uj(w)) and

ordy (uy(w)).
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Algorithm 2: Computing log, (uj(w)), logg (uy(w)) and ordy(uy(w)) -

Input: A real quadratic number w, a prime number p inert in Q(w), £ > 3 a
prime number different from p, (¢, d) the lower row of a generator of
Stabgr,z)(w) such that cw 4 d > 1 and an integer M > 0.

Output: logp(u’e (w)) with p-adic precision O(p™+1), logﬁp (up(w)) and

ordy (up(w)).

Compute the decomposition {oo — g}: Zm aw'y{oo — %};

for a,; # 0 do

fora=0,..,p—1do

for b=0,..,p—1do
Compute the first M + log(M) coefficients of
hE)(t, 0,0, (2, 2)) € Q(w)[[t]] using Algorithm 1;

Compute hi,(f) (t. 4,4, (%, %))[to] using Algorithm 1.

U;ing the formulas for C,, ,; and ILW vy
compute [ = fZﬁ—pZ,% log,(z + wy)dpe(c, d)(z,y) mod p

Using Equation (42), compute logg (uj(w));

Using Equation (43) compute ord, (u)(w)).

given in Equations (38) and (40),
M1,

We use the notation O to ignore polylogarithmic factors in p and M.

Proposition 11. Algorithm 2 computes the p-unit uj(w) to M digits of p-adic
precision with time complexity
O(p*M?).
Proof. The bottleneck of the computation is the evaluation of I/, ,;, for each
(v,1) € To(¥) x [1,€ — 1] such that a,; # 0. Using Equation (40), we must compute
the first
M' =M + |log(M)|

coefficients of

for all a,b € [0,p — 1])?\ {(0,0)}. This can be done in time

O(p*M"™log(M")*) = O(p*M?),
using FFT, as described in Subsection 2.3. The computation of Equation (40) is
then carried out in time

O(p*M" M logp) = O(p*M*).

Finally, the number of nonzero coefficients a. ; is O(log(c)), which is independent
of both M and p. O

3.2. Previous Computations of Darmon—Dasgupta and Gross—Stark Units.
By using the description of uy(w) as a p-adic integral given in Proposition 8, Dasgupta
gave in 2007 an algorithm to compute us(w) in the case £ = 4. Using the results of
[Das07], Fleischer and Liu [FL21] wrote SageMath code to compute the units for a
given prime /.
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The original calculations of Dasgupta were done up to O(p°°) p-adic precision
for ¢ =4,p=3,5,7,11 and D < 500 while those of Fleischer and Liu were done
for £,p <19, D < 10000 and up to O(p'??). Using a similar strategy, Chapdelaine
[Cha09] computes p-units that live in ray class fields of real quadratic fields with an
accuracy of 200 p-adic digits for primes p < 17.

We now describe the strategy given in [Das07] to highlight the main differences
with ours. The first step of the strategy is independent of w. For a given prime p
and ¢ # p, one computes specific moments of the measures pf?{oo — %}

In [Das07], Algorithm 4.2 describes how this reduces to the computation of the
integrals

(i) /ZZ log,(Y) du?D{oo - g}(X, Y) (i) /szp(t — i) du;ﬁ{oo N %}(t)

(iii) /Z . log,,(X) dueDD{oo — %}(XJ/) (iv) /P tn dWTD{oo — %}(t%

L (Qp)_ZTJ

for0<i<p—1land0<n<M—1. Here ,ulPD denotes a push forward of ,ulPD to
P!(Q,).

We explain in the proof of Proposition 12 how integrals (i) and (iii) can be
computed by approximating log, with a polynomial. Using the same decomposition
of modular symbols as in Equation (45), they also reduce the computation to the
case ¢ = £ (see [Das07] Algorithm 4.1).

They store the values of these integrals. For p =13, £ = 5, and 100-adic precision,
the size of the file is 19 MB. The size of the file grows in O(pM?).

The final step is to recover the integral defining log, (u,(w)) using integrals (i)(iv).
Since most of the computation time is spent in the first step, which can be very
costly (see Section 4), this strategy is efficient when computing for fixed primes
¢, p <19 while varying the discriminant D.

By contrast, we leverage the generating series approach to compute Darmon—
Dasgupta units for much larger primes p (for example p = 577, see Section 4)
by performing computations one discriminant at a time.

We conclude this description of Dasgupta’s algorithm by analyzing its complexity.
Comparing with Proposition 11, we observe that our method improves the complexity
by a factor of pM.

Proposition 12. The algorithm 4.2 in [Das07] computes integrals (i)-(iv) with M
digits of p-adic precision with a time complexity of
O(p*M*).

Proof. We describe the time complexity of the integral (iii), which contributes the
dominant complexity among the four. The others are handled in a very similar way.
The main ingredient is the computation of the Dedekind sums

CS

(48) D;(afc) =

— S U (h/e)bi(hac),
h=1

S
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where a and c are relatively prime integers, and bi denotes the periodic Bernoulli
function
0 if k=1and x € Z,
(49) b () = Lo e
Elbe({z}) otherwise.
The Bernoulli polynomials are viewed with p-adic coeflicients of precision M. Since

bi has degree k and coeflicients of size O(M logp), evaluating bﬁk (z) for x € Qp is
done in time

O(kM logp).
By approximating log, with a polynomial of degree p(M + [log(M)]), integral (iii)
boils down to computing the moments

(50) Rlafe) = [ XFauPPioe %)

for k=0,...,p(M+ |log(M)]). Using [Das07] Equations (41), I}, is given explicitly

by
k—i '
Ix(a/c) :—122( )( ) (—1)"x
(51)
Zdi(p ‘Dy— z+1l+1( /d> P Dy l+12+1< /d))
d|e
where nqy = —¢ and ny = 1. This computation of I has complexity

O(k*M logp),
for a total complexity of
O((p(M + [log(M)]))*M log p) = O(p° M*).

Similarly, integral (i) is computed in O(p2M?), while integrals (i) and (iv) contribute
O(pM*).
(]

A way to compute logarithms of Gross—Stark units when they lie in Q, rather
than Q,: is through the computation of values of p-adic L-functions attached to
real quadratic fields. Computations of this type are carried out in [S1a07], [TY13],
[Rob15], and [LV22]. Note that, in these constructions of p-units, no ¢-smoothing is
involved.

For their strategy, the authors of [LV22] rely on an algorithm computing the
space of overconvergent modular forms. By the main theorem of [DPV21], they
construct a p-adic modular form whose constant coefficient given in terms of a
special value of a p-adic L-function. Knowing its other coefficients, they write this
modular form in the basis given by their algorithm and are able to deduce the value
of the constant term.

Using the refinement of [DPV21] given in [DPV24], Damm-Johnsen [DJ24] used
a similar idea, instead of the derivative of the L-function, they are able to compute
directly the p-adic logarithm of the unit from which they are able to recover it
completely. The computations of Damm-Johnsen are done for primes less than 20
and discriminants up to 10000. An example for p = 41 is also given. The code is
available there [DJ23]. The precisions used for the calculations can go to M = 100.
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4. NUMERICAL EXAMPLES

The computations of this section were done on the Team Ouragan (INRIA,
IMJ-PRG) servers with 128GB of RAM and 32 Intel i9-13900 processors. The code
was run using SageMath version 9.5 [The22].

The general strategy to compute P, () is as follows. For each class in the narrow
class group of F, we find a quadratic form a;2% + b;xy + ¢;y? with £|a;. We pick
—bi +vD

2a;

wi = , the minimal polynomial over F' is then given by

Poyw) = Puy) = [ [ (= = wewi))-

i
We now give two examples of discriminants for which we compute uj(w) for multiples
primes p. More tables are available in the author’s Github repository [CN26].
Example 13. Let D = 24 and ¢ = 5, we take

_ @ 4 é _ (13 4

“T0 "5 T\ -3)

In particular, we have (¢,d) = (10, —3). As the narrow class group of F' = Q(v/24)
is of order 2, we know that the minimal polynomial P, of uy(w) with coefficients
in F' is of degree 2. In particular,

Pyywy = (o — ue(w)) (@ — up(w)) = (z — ug(w))(z — ue(w) ™).

We use SageMath to recognize the coefficient of x of P,,(,). The resulting polyno-
mials, along with computation timings, are listed in Tables (1)-(4).

P Py, Computation time | Computation time of [FL.21]
o 11
7 T — 7x +1 55s 1h 2m 25s
9 3 7
1| 2?4 (= VD =)o +1 2m 30s 2h 36m 42s
1
13 z? — Eaz +1 3m 37s 3h 43m 50s
5 6 1
17| 2?4+ (VD + 35)r+1 6m 39s 7h 43m 38s
5 13
31 x4+ 3—1x +1 25m 15s X
2
37 % + jx +1 38m 12s X
37
12 23
41 x2—|—(H\/D+ﬁ)x+l 45m 9s X

TABLE 1. Minimal polynomial for D = 24, { =5 and M = 100.
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For p = 7,11,13,17 we ran the code of [FL21] and gave the running time in the
fourth column. By doing computation one discriminant at a time, we are able to
compute significantly faster than [FL21] for a fixed discriminant, which allows us to
compute for larger primes p.

As the prime p grows, we reduce the precision M that we need to recognize the
coefficients as elements of Q(w).

P Py, Computation time
59 2+ g:z: +1 15m 26s
59
47
61 x? — st 1 14m 1s
142
79 224+ —r+1 24m 8s
79
9 79
2+ (=vD-—= 1 26m 4
83 T +(83 83)m+ 6m 49s
1
89 x2+(—£\/D+£)x+1 31m 17s
194
1 2 +1 49
03 T 10335 + m 8s
21 89
107 | 22+ (-—VD — — 1 45m 37
2+ (-7 o)t m 7S
143
109 2 — @x +1 47m 5bs

TABLE 2. Minimal polynomial for D =24, { =5 and M = 50.

P Puyw) Computation time
521 x2+(%\/ﬁ—§%)z+1 37m 5s
541 z? — ;%x +1 39m 49s
563 %+ %x +1 46m 30s
569 x2+(—%\/ﬁ+ %)x—i—l A7m 43s
587 x2+(%\/ﬁ+ %)erl 50m 40s

TABLE 3. Minimal polynomial for D =24, £ =5 and M = 10.
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P Pyy(w) Computation time
5 11
7 T — 7:3 +1 16h 40m 15s
9 3 7
1| 2?4+ (- VD =)o +1 ] 47h 59m 45s

TABLE 4. Minimal polynomial for D = 24, ¢ =5, M = 1000.

We see in Table 3 that we are able to compute the values for large p. Our
algorithm also allows us to work with very high p-adic precision when p is small. In
Table 4, we give examples with 1000 p-adic digit accuracy, a comparable precision
to similar computations done in the archimedean setting, see for example [BCG23].

The polynomials in these tables correspond to the same extension H of F' =

Q(v/24). Here

(52) H = F(j) = Q(vV24,5) = Q(V24 + ),

where j = e*5 . The field H is, as expected, the narrow class field of F.
Example 14. Let D = 156 and ¢ = 5, take

VD 3 <37 12), VD 2 (17 28>'

(53) w1 = 20 T10 Y = \ao 13) 2T 10 "5 Y2 T (20 33

This time we have (¢1,d1) = (40, 13) and (c2,d2) = (20,33). The narrow class
group of F' = Q(+v/156) is of order 4, uj(w1) and uj(w2) are conjugate, their minimal
polynomial over F' is given by

Pyyw) = (@ = up(wn)) (@ — up(wn) ™) (@ — up(we)) (@ — up(w2) ") € Fla].
The polynomial P,, ) is palindromic, we write only the first coefficients. All the

polynomials in these tables generate the same abelian extension H of F. The field H
is, as expected, the narrow class field of F'. It is generated over Q by the polynomial

P(x) =214358881 x 2® — 904462416 x 27 4 2001359602 x x°
(54) — 3077062560 x z° 4 3538768611 x x* — 3077062560 x 23
42001359602 x x2 — 904462416 x x + 214358881.
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P Py Computation time
24 2808
o (VD )
11 8m 56s
6 36137
— /D 2
4—(112\/‘7—% 1)
644 2898
3?4 + <_173\/5+ 71 3 )JJB
17 7 7 21m 28s
36 140387,
BT A GG

TABLE 5. Minimal polynomial for D = 156, £ =5 and M = 100.

D Py Computation time
66332 43440954
73 xt — 23 x3 — i x2 + 1h 29m 37s
1417444 147583686
79 xt + 798 3+ o1 x2 + 1h 44m 32s
3128 150696
t ( 5 VD + 3 )x3
83 83 83 1h 56m 8s
714 32851337
+(@\/D =+ T)1}2 +
324142 95350611
4 3 2
97 zt + o7 x° + o7 x* + 2h 38m 28s
263228 56406
v (- o)
101 2h 53m 57s
84 457391987
B ST EA A T A
3631292 524542086
103 4_ a3 2 2h 59m 50
1033 103% ot
1338766 48285291
109 4 3 2 3h 25m 19
1093 1097 s

TABLE 6. Minimal polynomial for D = 156, £ = 5 and M = 50.
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P,

Computation time

P wg(w)
59731644 75691649914
4 3 2
521 STER i 2h 53m 37s
43862518 . 80826503229
4 3 2
523 5933 T 931 2h 40m 43s
05348734 27184995291
41 4 3 2 2h 49m 45s
5 EITE x° + L x 9m 45s
254172908 149879597286
4 4 3 2 2h 42
547 e x° + s 55m 42s
32989928 66413934
zt + ( 3 vD + 3 )x3
569 569 569 3h 8m 9s
23256 278087052707,
+(Tg02 > seot)°
593232794 467704609011
1 4 _ 3 2 h1
57 R ERs T 3h 10m 6s
46621582 211173573171
577 | a* 3 2 3h 15m 21s

se C T o

TABLE 7. Minimal polynomial for D = 156, £ = 5 and M = 10.




Algorithmic Number Theory Symposium XVII, Groningen, July 6-10, 2026

COMPUTING DARMON-DASGUPTA UNITS OVER REAL QUADRATIC FIELDS 21

REFERENCES

[BCG23] Nicolas Bergeron, Pierre Charollois, and Luis E. Garcfa. Elliptic units for complex cubic
fields (on Eisenstein’s Jugendtraum). arXiv preprint, 2023. arXiv:2311.04110. 118.

[Ber08] Daniel J. Bernstein. Fast multiplication and its applications. In Algorithmic number theory.
Lattices, number fields, curves and cryptography, pages 325-384. Cambridge: Cambridge
University Press, 2008. 16.

[CD14] Pierre Charollois and Samit Dasgupta. Integral Eisenstein cocycles on GLy,. I: Sczech’s
cocycle and p-adic L-functions of totally real fields. Camb. J. Math., 2(1):49-90, 2014. 18.

[CDG15] Pierre Charollois, Samit Dasgupta, and Matthew Greenberg. Integral Eisenstein cocycles
on GLy,. II: Shintani’s method. Comment. Math. Helv., 90(2):435-477, 2015. 16.

[CG14] Pierre Charollois and Matthew Greenberg. Rationality of secant zeta values. Ann. Math.
Qué., 38(1):1-6, 2014. 14.

[Cha09] Hugo Chapdelaine. Computation of p-units in ray class fields of real quadratic number
fields. Math. Comput., 78(268):2307-2345, 2009. 114.

[Cha26] Pierre Charollois. On Lerch’s manuscript ”Sur une analogie réelle de la multiplication
complexe”. preprint, March 2026. 12, 6, 8.

[CN26] Mateo Crabit Nicolau. Generating series techniques for computing Darmon-
Dasgupta units over real quadratic fields. https://github. com/MCrabitNicolau/
Computing-Darmon-Dasgupta-units-via-generating-series, 2026. 116.

[Das07] Samit Dasgupta. Computations of elliptic units for real quadratic fields. Can. J. Math.,
59(3):553-574, 2007. 11, 9, 12, 13, 14, 15.

[Das08] Samit Dasgupta. Shintani zeta functions and Gross-Stark units for totally real fields. Duke
Math. J., 143(2):225-279, 2008. 12, 10, 12.

[DD06] Henri Darmon and Samit Dasgupta. Elliptic units for real quadratic fields. Ann. Math.
(2), 163(1):301-346, 2006. 11, 10.

[DJ23] Havard Damm-Johnsen. Computing Gross-Stark units from constant terms of hilbert
modular forms. hitps://github.com/havarddj/drd, 2023. 115.

[DJ24] Havard Damm-Johnsen. Modular algorithms for Gross-Stark units and Stark-Heegner
points. In LuCaNT: LMFDB, computation, and number theory. Conference, Institute for
Computational and Ezperimental Research in Mathematics (ICERM), Providence, Rhode
Island, USA, July 10-14, 2023, pages 261-284. Providence, RI: American Mathematical
Society (AMS), 2024. 115.

[DK24] Samit Dasgupta and Mahesh Kakde. Brumer-stark units and explicit class field theory.
Duke Math. J., 173(8):1477-1555, 2024. 12, 10.

[DPV21] Henri Darmon, Alice Pozzi, and Jan Vonk. Diagonal restrictions of p-adic Eisenstein
families. Math. Ann., 379(1-2):503-548, 2021. 115.

[DPV24] Henri Darmon, Alice Pozzi, and Jan Vonk. The values of the Dedekind-Rademacher
cocycle at real multiplication points. J. Eur. Math. Soc. (JEMS), 26(10):3987-4032, 2024.
115.

[FL21] Max Fleischer and Yijia Liu. Computations of elliptic units. https://github. com/
liuyj8526/ Computation-of-Elliptic-Units, 2021. 12, 13, 16, 17.

[FL125] The FLINT team. FLINT: Fast Library for Number Theory, 2025. Version 3.4.0, https:
//flintlib.org. 12, 5, 6.

[Kob84] Neal Koblitz. p-adic Numbers, p-adic Analysis, and Zeta- Functions, volume 58 of Graduate
Texts in Mathematics. Springer, New York, 2 edition, 1984. 13.

[Ler04] M. Lerch. Sur une série analogue aux fonctions modulaires. C. R. Acad. Sci., Paris,
138:952-954, 1904. 12.

[LRR14] Matilde Lalin, Francis Rodrigue, and Mathew Rogers. Secant zeta functions. J. Math.
Anal. Appl., 409(1):197-204, 2014. 4.

[LV22] Alan Lauder and Jan Vonk. Computing p-adic L-functions of totally real fields. Math.
Comput., 91(334):921-942, 2022. 115.

[Rob15] Xavier-Frangois Roblot. Computing p-adic L-functions of totally real number fields. Math.
Comput., 84(292):831-874, 2015. T15.

[S1a07] Kaloyan Slavov. Gross—Stark units for totally real number fields. Bachelor thesis, Harvard
University, 2007. 715.

[The22] The Sage Developers. SageMath, the Sage Mathematics Software System (Version 9.5),
2022. https://www.sagemath.org. 15, 16.


https://github.com/MCrabitNicolau/Computing-Darmon-Dasgupta-units-via-generating-series
https://github.com/MCrabitNicolau/Computing-Darmon-Dasgupta-units-via-generating-series
https://github.com/liuyj8526/Computation-of-Elliptic-Units
https://github.com/liuyj8526/Computation-of-Elliptic-Units
https://flintlib.org
https://flintlib.org

Algorithmic Number Theory Symposium XVII, Groningen, July 6-10, 2026

22 MATEO CRABIT NICOLAU

[TY13] Brett A. Tangedal and Paul T. Young. Explicit computation of Gross-Stark units over
real quadratic fields. J. Number Theory, 133(3):1045-1061, 2013. 115.

GORLAEUS BUILDING, EINSTEINWEG 55, 2333 CC, LEIDEN.

SORBONNE UNIVERSITE, UNIVERSITE PARIS CITE, CNRS, IMJ-PRG, F-75005 PARIS, FRANCE.
Email address: mateo.crabit@imj-prg.fr



	1. Introduction
	2. Generating series
	2.1. Kummer's congruence for Bernoulli numbers
	2.2. Product of generating series
	2.3. Fast computations of coefficients of products of generating series
	2.4. p-adic measures on Zp2
	2.5. Description of the Darmon–Dasgupta unit using generating series

	3. Computing the units
	3.1. An algorithm to compute the p-unit
	3.2. Previous Computations of Darmon–Dasgupta and Gross–Stark Units

	4. Numerical examples
	References

