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Abstract. We present an algorithm for computing the structure of any sub-
module of the module of points of a Drinfeld A-module over a finite field,
where A is a function ring over Fq. When the function ring is A = Fq [T ],
we additionally compute a Frobenius decomposition of the submodule. Our
algorithms apply in particular to kernels of isogenies and torsion submodules.
They are presented within the frameworks of Frobenius normal forms, presenta-
tions of modules, and Fitting ideals. They rely largely on efficient and classical
linear algebra methods, combined with fast arithmetic of Ore polynomials. We
analyze the complexity of our algorithms, explore optimizations, and provide an
implementation in SageMath. Finally, we compute a simple invariant attached
to a Drinfeld Fq [T ]-module that encodes all the polynomials in Fq [T ] whose
associated torsion is rational.

1. Introduction

Drinfeld modules are among the most important tools in function field arithmetic.
Rank two Drinfeld modules bear close resemblance to elliptic curves and the theory
of complex multiplication, rank one Drinfeld modules are analogous to roots of
unity and the Kronecker-Weber theorem, but Drinfeld modules of higher rank
have no direct analogue in characteristic zero. Drinfeld modules were introduced
in 1977 to solve the Langlands conjectures for GLr in function fields [Dri77; Laf01],
with remarkable success. In the context of more practical applications, Drinfeld
modules can be used for state-of-the-art factorization of polynomials over finite
fields [DNS21] and computer algebra of linear polynomials [BMZ25]. More recently,
Drinfeld modules were discovered to be extremely well suited to applications in
coding theory [BDM24; MP26]. In light of the prominent technical and historical
role of function fields and algebraic curves in coding theory [Gop83], Drinfeld
modules offer a promising approach for significantly advancing the state-of-the-art
in algebraic geometry and rank-metric codes.

Despite these successful applications of Drinfeld modules, research on their
computational aspects lags far behind its counterpart for elliptic curves. The works
of Caranay, Greenberg and Scheidler in 2018 were among the first to explicitly
investigate algorithmic aspects of Drinfeld modules, focusing only on ordinary rank
two Drinfeld modules [Car18; CGS20]. Musleh and Schost subsequently deployed
modern computer algebra techniques to compute the characteristic polynomial
of the Frobenius endomorphism for rank two Drinfeld modules over a finite field
[MS23]. The rank two assumption made it possible to adapt methods from elliptic
curves to Drinfeld modules. This rather restrictive assumption was only lifted as
recently as 2023 by Musleh and Schost [MS23] and Caruso and Leudière [CL26] with
the introduction of entirely new techniques. Importantly, some of these methods
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and tools, such as Anderson motives for computational purposes, have no direct
computationally efficient analogue for elliptic curves. Our work herein continues in
this direction.

In [CL26], Caruso and Leudière computed norms of isogenies and characteristic
polynomials of endomorphisms, the function field equivalent of point counting for
elliptic curves. We build on this work and present an efficient general algorithm
for computing the module structure, via the invariant factors, of the kernel of a
morphism of Drinfeld modules over a finite field. In particular, the special case of
the zero morphism recovers the structure of the full module of rational points. Our
method takes a different approach from prior work; in particular, it is not rooted in
elliptic curve machinery. While relying on classical tools such as Frobenius and Smith
normal forms, presentations of modules, and Fitting ideals, it leverages features
specific to Drinfeld modules and state-of-the-art techniques in computer algebra.
Most importantly, we take advantage of the structure of finitely generated Fq-algebra
of the function ring A of a Drinfeld module. This has no analogue in the realm of
elliptic curves, where the role of the function ring is played by the integers Z. Our
algorithm applies to Drinfeld A-modules of arbitrary rank over any finite field for
any function ring A (as defined in § 2.3); we refer to this setting as the general case.

In the case A = Fq[T ], we further give an algorithm for computing Frobenius
decompositions of submodules of the module of points (Algorithm 4) and provide
a precise asymptotic complexity analysis. Fixing q relative to other parameters,
this algorithm computes the invariant factors and a Frobenius decomposition of the
kernel of a morphism for a cost of Õ(dr + dn+ dω) operations in Fq, where n is the
τ -degree of the input morphism, r is the rank of its domain Drinfeld module, d is
the Fq-dimension of the base field, and 2 6 ω 6 3 is a feasible exponent for matrix
multiplication (Proposition 4.2). Other precise complexity statements are also given
herein.

Finally, given a Drinfeld Fq[T ]-module over a finite field, we use Anderson motives
to compute the unique monic element g ∈ Fq[T ] such that for any a ∈ Fq[T ], the
a-torsion is rational if and only if a divides g. The invariant g is the lcm of all
such a, and we compute it without prior knowledge of the invariant factors of the
module of rational points. We are unaware of any efficient method to accomplish
the same task for elliptic curves.

Our main algorithms are implemented in SageMath [The26; Ayo+23]; the code
is accessible on GitHub and is accompanied by a Jupyter notebook that readers
can readily run in any web browser. All code and instructions are available at
https://github.com/kryzar/research-drinfeld-submodules/.

To the best of our knowledge, ours is the first work to address the problem of
effectively and efficiently computing invariant factors and Frobenius decompositions
of submodules of points of a Drinfeld module. For elliptic curves, the best algorithms
to compute invariant factors are generic abelian group algorithms. For example, the
method of Sutherland [Sut11] proceeds by computing a basis via extracting discrete
logarithms on subgroups of prime power order. While discrete logarithms can be
readily computed for Drinfeld modules [Sca01], adapting the method of Sutherland
to this setting would yield an algorithm that is generally slower than ours, both in
terms of asymptotic complexity and implementation. Moreover, our method has
the advantages of being deterministic, easily implemented, and close to optimal.

The paper is organized as follows.
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(1) Section 2 presents the necessary background. We briefly introduce Ore
polynomials (§ 2.2) and Drinfeld modules (§ 2.3). We review the computer
algebra of matrices, polynomials and Ore polynomials, with an emphasis
on complexity models (§ 2.4). Finally, we present a general framework for
computing invariant factors and Frobenius decompositions of finite modules
over a Dedekind domain that are uniquely defined by a finite number of
matrices (§ 2.5). This framework readily applies to Drinfeld modules. In
particular, in § 2.5.1 we show how the invariant factors and a Frobenius
decomposition of the kernel of a morphism can be recovered by computing
the Frobenius normal form and a change-of-basis matrix of the action of
the Drinfeld module on this kernel. This approach does not extend to the
general case, where we need to resort to Fitting ideals to recover invariant
factors (§ 2.5.2).

(2) Section 3 describes state-of-the-art multipoint evaluation (§ 3.1) and revisits
algorithms related to divisibility chains of polynomials (§ 3.2).

(3) Section 4 presents our main algorithms. Once again, we distinguish between
the case A = Fq[T ] (§ 4.1) and the general case (§ 4.2). Still in the
case A = Fq[T ], we present alternative methods for computing torsion
submodules (§ 4.1.2) and discuss the efficiency of our algorithms depending
on different low level primitives (§ 4.1.3).

(4) Section 5 presents a simple method for finding all a ∈ Fq[T ] such that the
a-torsion is rational, given a Drinfeld Fq[T ]-module over a finite field.

2. Background

2.1. Invariant factors and Frobenius decompositions. We begin by defining
the quantities that encode the structure of a finite module over a Dedekind domain.
Our goal is to compute these quantities for submodules of points of Drinfeld modules
over finite fields.

Theorem 2.1. Let A be a Dedekind domain and W a finite A-module. There exist
ideals d1, . . . , d` ⊂ A and elements x1, . . . , x` ∈ W such that the following hold.

(1) The elements generate the module: W = Ax1 ⊕ · · · ⊕Ax`;
(2) The ideals form a divisibility chain: d1 | · · · | d`;
(3) For all i, xi has annihilator di, i.e. Axi ' A/di.

In particular, W '
∏n

i=1 A/di, and the chain (d1, . . . , d`) is unique. We call the
ideals d1, . . . , d` the invariant factors of W and the elements x1, . . . , x` a Frobenius
decomposition of W .

This theorem is a more explicit version of the classical result on the decomposition
of finitely generated modules over a Dedekind domain [Eis95, Section 19.5].

2.2. Ore polynomials. Ore polynomials are the main ingredient in the definition
of Drinfeld modules and their isogenies. Throughout, let Fq be a finite field with q
elements. Let K be a field extension of Fq, and let τ be the Fq-linear Frobenius
endomorphism of K defined by τ(x) = xq.

Definition 2.2. The set

K{τ} :=
{

n∑
i=1

xiτ
i, n ∈ Z>0, x1, . . . , xn ∈ K

}
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is an Fq-algebra under composition and addition of endomorphisms, called the
Fq-algebra of Ore polynomials (relative to Fq and K).

Although multiplication of Ore polynomials is usually noncommutative, Ore
polynomials retain many key features of classical polynomials. Specifically, we have
the following:

(1) The τ -degree of a nonzero Ore polynomial f =
∑n

i=1 xiτ
i ∈ K{τ}, denoted

degτ (f), is the maximal i such that xi 6= 0. The τ -valuation of f is the
minimal i such that xi 6= 0.

(2) The kernel of f ∈ K{τ} is an Fq-vector space denoted ker f . If f is nonzero,
then dimFq

(ker(f)) 6 degτ (f). We write kerK(f) := ker(f) ∩ K for the
roots of f that belong to K.

(3) An Ore polynomial f ∈ K{τ} is said to be separable if dimFq
(ker(f)) =

degτ (f) and inseparable if dimFq
(ker(f)) < degτ (f).

(4) The algebra K{τ} of Ore polynomial is a right-euclidean domain for the τ -
degree. For any f, g ∈ K{τ}, there exist α, β ∈ K{τ} such that f = αg + β
and degτ (β) < degτ (g). Therefore, for any f, g ∈ K{τ} not both zero,
we can define rgcd(f, g) as the unique monic Ore polynomial such that
K{τ}f + K{τ}g = K{τ} rgcd(f, g), and we define llcm(f, g) to be the
unique monic Ore polynomial such that K{τ}f ∩K{τ}g = K{τ} llcm(f, g).

2.3. Drinfeld modules. We now turn to the definition of Drinfeld modules and
related objects, including isogenies and modules of points. The reader is referred
to [Pap23] or [Arm+25] for a general introduction to the subject. We begin by
establishing notation and terminology. Throughout, let C be a smooth projective
geometrically connected curve over Fq with a geometric closed point ∞. Let A be
the ring of functions of Fq(C) that are regular outside ∞. Then A is a Dedekind
domain called a function ring. Let K be a field extension of Fq, equipped with a
morphism of Fq-algebras γ : A → K. The pair (K, γ) is called an A-field. Let K be
an algebraic closure of K.

Definition 2.3. A Drinfeld A-module over (K, γ) is a morphism of Fq-algebras
φ : A → K{τ}

a 7→ φa,

such that Im(φ) 6⊂ K and for each a ∈ A, the constant coefficient of φa is γ(a).

Drinfeld modules, despite their names, are not modules, but Fq-algebra homo-
morphisms. However, they give rise to module structures on extensions L/K.

Definition 2.4. For any extension L/K, the module of L-points of a Drinfeld
module φ, denoted φ(L), is the A-module defined by

A× L → L
(a, z) 7→ φa(z).

The elements of φ(K) are called rational points.

The underlying set of φ(L) is the same for all Drinfeld modules, but its structure
as an A-module depends on φ. Our goal in this paper is to compute the invariant
factors of any A-submodule of φ(K) when K is finite. When A = Fq[T ], we also give
a Frobenius decomposition of any submodule of φ(L) (Algorithm 4). To represent
these submodules, we introduce morphisms and isogenies.
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Definition 2.5. Let φ, ψ be two Drinfeld A-modules over (K, γ). A morphism
from φ to ψ is an Ore polynomial u ∈ K{τ} such that uφa = ψau for every a ∈ A.
An isogeny is a nonzero morphism.

The kernel of a morphism u with domain φ is a finite A-submodule of φ(K).
To avoid ambiguity, we write φ(ker(u)) for ker(u) when viewed as an A-module.
Conversely, every finite A-submodule of φ(K) is the kernel of an isogeny starting
from φ that can be effectively computed [Arm+25, Proposition 3.2]. Therefore,
our aim is to compute invariant factors and Frobenius decompositions of kernels of
morphisms.

An important invariant attached to every Drinfeld module is its rank.

Lemma 2.6. Let φ be a Drinfeld A-module over (K, γ). There exists a unique
integer r > 1 such that for all a ∈ A, degτ (φa) = r dimFq (A/aA). The integer r is
called the rank of φ.

Remark 2.7. Defining a Drinfeld A-module amounts to defining an injection A →
K{τ}. It is not clear how to do so, and such injections may not exist at all [Pap23,
Remark 4.3]. On the other hand, the case A = Fq[T ] (corresponding to C = P1

Fq
)

is straightforward: a Drinfeld Fq[T ]-module φ is uniquely defined by the image φT

of T , and its rank is simply degτ (φ).

Finally, a particular topic of interest, for example for computing Tate modules,
Weil pairings and, more recently, codes in rank metric [BDM24; MP26] is the
computation of the kernel of φa for a ∈ A.

Definition 2.8. Let a ∈ A. The a-torsion of φ is the kernel of the morphism φa

(from φ to itself). It is an A-submodule of φ(K), denoted φ[a] := φ(K)[a]. The
a-torsion of φ contained in L is φ(L)[a] := φ[a] ∩ φ(L). The a-torsion of φ is said to
be L-rational if φ(L)[a] = φ[a].

2.4. Computer algebra. We now specify our complexity model and recall classical
computer algebra reductions for polynomials and matrices in § 2.4.1. We particularly
emphasize fast primitives for Ore polynomials (§ 2.4.2, § 2.4.3).

2.4.1. Cost functions for polynomials and matrices. We start by defining cost
functions. Let F be a field. Two polynomials in F [T ] with degrees 6 n can be
multiplied for a cost of O(PM(n)) operations in F . We assume that PM is super-
additive, i.e. PM(x+ y) > PM(x) + PM(y) for all inputs x, y. When F is a finite
field, we can pick PM(n) = n logn log logn [GG13, § 8.3] (see also [HHL17] for a
slightly better complexity). Moreover:

• The Euclidean division of two polynomials in F [T ] with respective degrees m
and n, m > n, can be performed for a cost of O(PD(m,n)) operations in F .
We can pick PD(m,n) = O(PM(m− n) + PM(n)) [GG13, § 11].

• The gcd of two polynomials with degrees 6 n can be computed for a cost
of O(PG(n)) operations in F . We can pick PG(n) = PM(n) log n [GG13,
§ 11] and assume that PG(n) ∈ O(n2).

Next, we introduce cost functions for matrix arithmetic. The multiplication of
two matrices in F d×d can be performed for a cost of O(MM(d)) operations in F .
In particular, we let 2 6 ω 6 3 be such that MM(d) = dω.
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2.4.2. Ore polynomials. Almost all our algorithms rely on low level primitives on
Ore polynomials: Euclidean division, llcm and rgcd computation, and multipoint
evaluation. Let K be a finite extension of Fq with [K : Fq] = d. The state of the art
for computer algebra of Ore polynomials in K{τ} is due to Caruso and Le Borgne
[CL17a] and Puchinger and Wachter-Zeh [PW18]; see also Boucher and Nouetowa
[BN25]. These papers use the same computation model, for which one issue is
the assumption that all operations in K—including applications of the Frobenius
endomorphism (i.e. computing xq for x ∈ K)—can be performed for a cost of Õ(d)
operations in Fq. This assumption does not always hold (see [MS23] for a discussion
on this topic). Therefore, we count arithmetic operations and applications of the
Frobenius endomorphism separately.

Definition 2.9. We let
SM = (SMA,SMF) : Z2

>0 → [1,∞[
be a function such that two Ore polynomials with degrees 6 n can be multiplied
for a cost of O(SMA(n)) arithmetic operations in K and O(SMF(n)) Frobenius
applications. We refer to this cost as O(SM(n)) arithmetic and Frobenius operations
in K.

2.4.3. Divide and conquer algorithms. Later, we describe the fast multipoint evalua-
tion algorithm of Ore polynomials (§ 3.1) using divide and conquer algorithms. We
recall how to analyse the cost of such algorithms. In our context, for an input of
size `, the cost of a divide and conquer algorithm is given by a recursion of the form

(2.1) T (`) 6 2T
(
`

2

)
+ α

(⌈
`

2

⌉)
,

If α is super-additive, we can solve the recursion:
(2.2) T (`) = O(α(`) log `).
It is therefore convenient to introduce the following notation:

Proposition 2.10. For α : Z>0 → [1,∞[, we define α>1 : Z>0 → [1,∞[ via

α>1(`) := ` sup
16`′6`

α(`′)
`′ .

The function α>1 is super-additive and is the minimal such function exceeding α.

This definition is frequently used for analysing the complexity of recursive al-
gorithms (see e.g. [CL17b, § 3]). In our case, we do not assume SM to be
super-additive, as the value for SM given by Caruso and Le Borgne does not satisfy
that property [CL17b, p. 83]. Following their methodology, we will instead use
SM>1 := (SMA

>1,SMF
>1) to solve recursions coming from divide and conquer

algorithms.

2.5. Modules from matrices. We now present the necessary material from module
theory that forms the foundation of our algorithms (§ 4). We first treat the case
of modules defined by one endomorphism (§ 2.5.1), followed by the general case of
modules defined by multiple endomorphisms (§ 2.5.2). For computational purposes,
we represent these endomorphisms by matrices relative to a fixed basis. We later
apply these two cases to Drinfeld Fq[T ]-modules (§ 4.1), and to general Drinfeld
modules (§ 4.2), respectively.
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2.5.1. Modules from one matrix. Let F be a field, V an F -vector space, and ϕ an
endomorphism of V . This set-up canonically yields an F [T ]-module structure on V :

(2.3) F [T ] × V → V
(a(T ), x) 7→ a(ϕ)(x).

This new module is denoted V [ϕ].
If V has finite F -dimension, we can endow it with an F -basis E = (ε1, . . . , εd),

and ϕ can be represented by a matrix M ∈ F d×d. The invariant factors of V [ϕ] can
be retrieved by computing the Frobenius normal form of the matrix M : a block
diagonal matrix of the form

FM =


Cd1

. . .
Cd`

 ∈ F d×d

such that
(1) each Cdi

is the companion matrix of a polynomial di ∈ F [T ];
(2) the polynomials form a divisibility chain: d1| · · · |d`;
(3) the matrices M and FM are similar over F .

If furthermore S is a change-of-basis matrix such that
FM = SMS−1,

then one immediately recovers a Frobenius decomposition of V [ϕ] from S−1. First,
we fix notation: write S−1 ∈ F d×d as a horizontal block matrix in which the i-th
block has deg(di) columns, with the first column of the i-th block labeled xi:

S−1 =

 x1 · · · · · · x` · · ·

 ∈ F d×d.

Proposition 2.11. With the above notation, the ideals (d1), . . . , (d`) are the invari-
ant factors of V [ϕ], and the elements whose coordinates relative to the F -basis E
of V are the vectors x1, . . . , x` form a Frobenius decomposition of V [ϕ].

Proposition 2.11 can be proved directly using the correspondence between F [T ]-
modules and F -vector spaces endowed with a distinguished F -linear endomorphism.
We refer to [Bou03, Chapter 7, § 5.1-3] for details.

By Proposition 2.11, to recover the invariant factors and a Frobenius decomposi-
tion of V [ϕ], it suffices to represent ϕ as a matrix and compute its Frobenius normal
form. To compute Frobenius normal forms, one can use an algorithm of Storjohann
[Sto00, Chapter 9].

Lemma 2.12. Let M ∈ F d×d be a matrix. The Frobenius normal form of M ,
along with a unimodular change-of-basis matrix, can be computed for a cost of
O(MM(d)(log d)(log log d)) operations in F .

Remark 2.13. We will use the above framework to compute invariant factors and
Frobenius decompositions of kernels of isogenies of Drinfeld Fq[T ]-modules (§ 4.1).
Let φ be a Drinfeld Fq[T ]-module over a finite field K and u a morphism whose
domain is φ. To apply the above framework, we put F = Fq, V = kerK(u), ϕ = φT
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and V [ϕ] = φ(kerK(u)). We will compute the invariant factors and a Frobenius
decomposition of φ(kerK(u)) (an Fq[T ]-module) by computing the Frobenius normal
form of the matrix of φT relative to an Fq-basis of kerK(u) (an Fq-vector space),
and extracting the invariant factors as described above.

2.5.2. Modules from multiple endomorphisms. Let F be a field and V an F -vector
space of finite dimension d. Let E = (ε1, . . . , εd) be an F -basis of V . Here, we do not
assume that V comes with a distinguished endomorphism, but rather that it extends
to an A-module, where A is an F -algebra with a finite number (but not necessarily
only one) of generators g1, . . . , gn ∈ A. This A-module structure is denoted W , and
we write VA := A⊗F V .

Remark 2.14. In the case of § 2.5.1, A = F [T ] has one generator T , and the
F [T ]-module V [ϕ] satisfies the above assumption by virtue of Equation (2.3).

To handle the difficulty of multiple generators, we use the notion of presentation
of modules.

Definition 2.15. Let A be a ring and W an A-module. A presentation of W is an
exact sequence of A-modules

W ′ W ′′ W 0.α β

In our setting, we have a finite presentation

(VA)n VA W 0,χ π

where we define the two maps χ and π by

χ ((ak ⊗ vk)16k6n) =
n∑

k=1
(akgk ⊗ vk − ak ⊗ (gk · vk)) ,

π(a⊗ v) = a · v.

The F -basis E = (ε1, . . . , εd) of V yields an A-basis (1A ⊗F ε1, . . . , 1A ⊗F εd) of VA,
which extends to an A-basis of V n

A whose (i, j)-th vector is (0, . . . , 0, 1A⊗F εj , 0, . . . , 0)
for 1 6 j 6 d, where 1A ⊗F εj appears in the i-th position for 1 6 i 6 n. Then χ is
represented by a matrix Mχ which is a block matrix of companion matrices

(2.4) Mχ =



g1 Id −M1

...

gn Id −Mn


∈ Ad×nd,

where each Mi is the matrix of the F -linear endomorphism x 7→ gix.

Remark 2.16. In the setting of Remark 2.14 where A = F [T ], we see that Mχ is
the characteristic matrix T Id −M , and thus V [ϕ] ' Ad/Im(T Id −M). Therefore,
the invariant factors of V [ϕ] are exactly the invariant factors of the characteristic
matrix T Id −M , which are the nonzero diagonal elements of its Smith normal form.
The Smith normal form can be computed using a straightforward adaptation from
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integers to polynomials of an algorithm of Storjohann [Sto00, Section 8]. However,
computing the Smith normal form of T Id −M may in practice be more expensive
than computing the Frobenius normal form of M . Indeed, a generic algorithm for
polynomial matrices would fail to leverage the structure of the characteristic matrix,
nor can it avoid potentially costly operations on polynomials.

The invariant factors of W are the invariant factors of the matrix Mχ, which can
be retrieved using Fitting ideals [Fit36]. Recall that a k-by-k minor of an r-by-s
matrix M is the determinant of a k-by-k-submatrix obtained by removing r − k
rows and s− k columns from M .

Lemma 2.17. Let

W ′ W ′′ W 0α β

be a presentation of W , and assume that α is given (in some basis) by a matrix
M ∈ Ar×s with r, s ∈ Z>0. For 0 6 i 6 d− 1, let

Fitti(W )

be the ideal generated by the (d− i)-by-(d− i) minors of M , and let Fittd(W ) := A;
the value of Fitti(W ) does not depend on the choice of presentation. For 0 6 i 6 d,
we call Fitti(W ) the i-th Fitting ideal of W .

A classical result [Sta26, § 15.8] asserts that the Fitting ideals form a divisibility
chain

Fittd(W ) | · · · | Fitt0(W ),

and we have the following useful lemma [Sta26, Lemma 15.8.4].

Lemma 2.18. Let d1, . . . , d` be the invariant factors of W . Then

di = Fitt(d− i)
Fitt(d+ 1 − i) .

Remark 2.19. As in Remark 2.13, we explain how to apply the above framework to
compute invariant factors and Frobenius decompositions of kernels of isogenies of
Drinfeld modules over a general function ring A, where A is an Fq-algebra (§ 4.2).
Let φ be a Drinfeld A-module over a finite field K and let u be a morphism whose
domain is φ. To apply the above framework, we put F = Fq, V = kerK(u) and
W = φ(kerK(u)). Let g1, . . . , gn be generators of A as an Fq-algebra. To compute
the invariant factors of φ(kerK(u)) (an A-module), it therefore suffices to compute
the matrices M1, . . . ,Mm of the actions of φg1 , . . . , φgn on kerK(u) (an Fq-vector
space), compute the matrices gi Id −Mi from these matrices and stack them into
the matrix Mχ, compute the Fitting ideals of Mχ, and finally apply Lemma 2.18 to
obtain the invariant factors of φ(kerK(u)).

3. Computer algebra

In § 2.5, we developed the main theoretical tools required to compute the invariant
factors of an A-submodule of φ(K) when K is finite. It remains to analyze the
computational complexity of the underlying algorithms. We revisit Ore polynomials
(§ 3.1) and divisibility chains of polynomials (§ 3.2).
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3.1. Computer algebra of Ore polynomials. We present a self-contained and
straightforward efficient method for multipoint evaluation of Ore polynomials. This
algorithm was already presented by Puchinger and Wachter-Zeh in [PW18]. Their
complexity analysis is tighter but relies on more cost functions, while ours only
depends on SM and thus yields simpler complexity results.

First, we need to assess the cost of fast Euclidean division, llcm and rgcd. Ore
polynomial analogues of the classical methods were already described by Caruso and
Le Borgne (see [CL17a, § 3.2.1] and [CL17b, § 3.2.2]). We state their complexity to
fit with our complexity model.
Lemma 3.1. Let f, g ∈ K{τ} be two Ore polynomials with degrees 6 n. The
right-Ore Euclidean division, the rgcd and the llcm of f by g can all be performed
for a cost of O(SM>1(n) log n) arithmetic and Frobenius operations in K.

Next, we discuss multipoint evaluation. Let f be an Ore polynomial of degree n,
and let X = (x1, . . . , x`) be elements of K, with n 6 `. We wish to efficiently
compute f(x1), . . . , f(x`). For any x ∈ K, set Lx := τ − τ(x)

x ∈ K{τ}. If Rx ∈ K
is the (constant) remainder in the right-division of f by Lx, then f(x) = Rxx. In
other words, f(x) is the evaluation of Rx, viewed as the constant Ore polynomial
Rxτ

0, at x. For elements xi1 , . . . , xi`′ ∈ X, we set
Lxi1 ,...,xi

`′
:= llcm(Lxi1

, . . . , Lxi
`′

).

Let Rxi1 ,...,xi
`′

be the remainder in the right-division of f by Lxi1 ,...,xi
`′

. Then for
any xij

we have
f(xij

) = Rxi1 ,...,xi
`′

(xij
).

With these identities, we can divide up the problem of multipoint evaluation as
follows. Assume for clarity of presentation that ` is even. We split our inputs
into two halves: Xl = (x1, . . . , x `

2
) and Xr = (x `

2 +1, . . . , x`). Provided that we
know LXl

and LXr
, we obtain f(x1), . . . , f(x`) by computing RXl

and RXr
, and

then RXl
(xi) for all xi ∈ Xl as well as RXr

(xi) for all xi ∈ Xr. The cost of this
step is two Euclidean divisions of Ore polynomials of degrees 6 `

2 and two recursive
calls on an entry of size 6 `

2 .
In Algorithm 1, following the classical method, we pre-compute the llcm of X

recursively as a binary tree, called the l lcm tree of X.

Algorithm 1: LlcmTree
Input: A subfamily X ′ of X := (x1, . . . , x`)
Output: The llcm tree of X ′

1 if X ′ = {xi} is a singleton then
2 Return the tree whose only leaf is Lxi .
3 else
4 Split X ′ into two halves X ′

l and X ′
r.

5 Compute and set Tl = LlcmTree(X ′
l).

6 Compute and set Tr = LlcmTree(X ′
r).

7 Compute the llcm L of the roots of Tl and Tr.
8 return the binary tree rooted at L with subtrees Tl and Tr.

Let TX be the tree generated by Algorithm 1, which we assume precomputed.
We obtain Algorithm 2 for multipoint evaluation.
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Algorithm 2: MultipointEvaluation
Input: An Ore polynomial f , elements x1, . . . , x` ∈ K and the tree TX

Output: The evaluations f(x1), . . . , f(x`)
1 if If ` = 1 then
2 return f(x1)
3 else
4 Split x1, . . . , x` into two halves Xl and Xr (padding if necessary).
5 Let Tl be the left subtree of TX , and get LXl

as its root.
6 Let Tr be the right subtree of TX , and get LXr

as its root.
7 Compute RXl

as the Euclidean division of f by LXl
.

8 Compute RXr
as the Euclidean division of f by LXr

.
9 Compute f(x1), . . . , f(x`/2) = MultipointEvaluation(RXl

, Xl, Tl).
10 Compute f(x`/2+1), . . . , f(x`) = MultipointEvaluation(RXr

, Xr, Tr).
11 return f(x1), . . . , f(x`)

Lemma 3.2. Let x1, . . . , x` ∈ K and let f be an Ore polynomial of degree 6 `. The
values f(x1), . . . , f(x`) can be computed for a cost of O(SM>1(`)(log `)2) arithmetic
and Frobenius operations in K.

Proof. The cost of this task is the cost of sequentially running Algorithm 1, followed
by Algorithm 2. For both these divide and conquer algorithms, the cost of an
input of size ` is given by a recursion of the form (2.1), with α(`) = SM>1(`) log `
(Lemma 3.1). We conclude the proof by applying Equation (2.2) and the super-
additivity of x 7→ SM>1(x) log x (Proposition 2.10). �

Remark 3.3. The cost of Ore polynomial multipoint evaluation is O(SM>1(`)(log `)2)
arithmetic and Frobenius operations, whereas the cost of classical multipoint eval-
uation is O(PM(`) log `) arithmetic operations [GG13, § 10.1]. The extra (log `)
factor comes from the fact that we have to use llcm’s instead of products.

3.2. Computer algebra for divisibility chains. We now turn to efficient com-
putations involving divisibility chains, which we need for computing the invariant
factors and a Frobenius decomposition of torsion submodules when we know these
quantities for the full module of rational points (§ 4.1.2). Let F be a field, a ∈ F [T ]
a polynomial, and d1 | · · · | d` a divisibility chain of ` polynomials in F [T ]. Algo-
rithm 3 efficiently computes the polynomials γi := gcd(a, di) and ρi := di/γi for all
1 6 i 6 `. Later on, we wish to evaluate these polynomials on vectors and matrices.
Let δ := deg(d1) + · · · + deg(d`).

Lemma 3.4. Algorithm 3 computes (γ1, . . . , γ`) and (ρ1, . . . , ρ`) for a cost of
O(PM(deg(a)) + PM(δ) log δ) operations in F , where δ =

∑`
i=1 deg(di).

Proof. All operations are arithmetic operations in F . Step 1 costs O(PM(deg(a) −
deg(d`))+PM(deg(a))) operations. The two subsequent steps cost O(PG(deg(a′)+
deg(d`)) + PD(deg(d`) + deg(γ`))) operations, which is O(PG(deg(d`))). The rest
amounts to

∑`−1
i=1 O(PG(deg(di+1)) + PD(deg(di))) operations, which is O(PG(d))

operations. We conclude the proof using the fact that PG(δ) = PM(δ) log δ. �

Next, we describe how to evaluate divisibility chains on matrices and vectors.
Let M be a d-by-d matrix with entries in F , and let x1, . . . , x` be vectors of F d.
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Algorithm 3: ChainGcd
Input: The polynomials a and d1, . . . , d`.
Output: The lists (γ1, . . . , γ`) and (ρ1, . . . , ρ`).

1 Compute a′ = a mod d`.
2 Compute γ` = gcd(a′, d`).
3 Compute ρ` = d`/γ`.
4 for i ranging down from `− 1 to 1 do
5 Compute γi = gcd(γi+1, di).
6 Compute ρi = di/γi.
7 return (γi, . . . , γ`) and (ρ1, . . . , ρ`).

We are interested in computing the vectors yi = ρi(M)xi for 1 6 i 6 `. Once the
polynomials (ρi)16i6` are known (see Lemma 3.4 for the cost of their computation),
there are different possible approaches for computing (yi)16i6`:

• We can naïvely compute (yi)16i6` for a cost of O(δd2) operations in F .
• In our applications, we have δ 6 d. We can thus compute the matrices

(ρi(M))16i6` sequentially, for a total cost of O(`MM(d)(log d)(log log d))
operations in F , using an algorithm of Storjohann [Sto00, Chapter 9]. Then
we compute (yi)16i6` for the same asymptotic cost.

To account for these different approaches for computing (yi)16i6`, we introduce
a cost function.

Definition 3.5. Let
EV : (Z>0)3 → [1,∞[

be a function such that the quantities d′
1(M)x1, . . . , d

′
`′(M)x`′ can be computed

for a cost of O(EVd(`′, δ′)) operations in F , for any matrix M ∈ F d′×d′ , any set
of vectors x1, . . . , x`′ ∈ F d, and any divisibility chain d′

1 | · · · | d′
` ∈ F [T ], where

δ′ =
∑`′

i=1 deg(d′
i) 6 d′.

4. Application to Drinfeld modules

We now have all the ingredients for computing the structure of submodules of
points of Drinfeld modules over finite fields. More precisely, we let A be a function
ring over Fq and (K, γ) an A-field with d = dimFq

(K). We fix an ordered Fq-basis
E = (ε1, . . . , εd) of K. Let φ be a Drinfeld A-module over (K, γ) with rank r.
Our goal is to compute the invariant factors of φ(kerK(u)) for any morphism u
whose domain is φ. Note that this includes φ(K), as this is the kernel of the zero
morphism. In the case A = Fq[T ], we also compute a Frobenius decomposition of any
Fq[T ]-submodule of φ(K) (presented as the kernel of an isogeny), and give a detailed
complexity analysis of our algorithms. This problem is a direct instance of the
framework presented in § 2.5. We first consider the case A = Fq[T ] (Remark 2.13),
as it can take advantage of very efficient tools, specifically Frobenius normal forms
of matrices with entries in a field instead of Fitting ideals of polynomial matrices.
Then we turn to the general setting of Drinfeld A-modules where A is a function
ring (Remark 2.19).
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4.1. The case A = Fq[T ]. This case falls within the framework presented in
§ 2.5.1. Reusing the same notation as in § 2.5.1, we have F = Fq, ϕ = φT and
V = kerK(u). The invariant factors and the Frobenius decomposition of φ(kerK(u))
(as an Fq[T ]-module) can be obtained by computing the Frobenius normal form
of the matrix of φT acting on kerK(u) (as an Fq-vector space). We thus need two
ingredients: fast computation of matrices of Ore polynomials and Frobenius normal
forms (Lemma 2.12).

4.1.1. Computing the kernel of an isogeny.
Lemma 4.1. Let f ∈ K{τ} be an Ore polynomial with τ -degree n. Let x1, . . . , x`,
with ` 6 d, be elements of K. One can compute f(x1), . . . , f(x`) for a cost of O(n)
arithmetic operations in K and O(SM>1(d)(log d)2) arithmetic and Frobenius
operations in K. In particular, one can compute the matrix Mf ∈ Fq

d×d of f
relative to E for the same cost.
Proof. First, we reduce f modulo τd − 1, which can be done by shifting coefficients,
for a cost of O(n) arithmetic operations in K. Then the result follows from
Lemma 3.2. �

Let u be a morphism of Drinfeld Fq[T ]-modules over K with domain φ. Algo-
rithm 4 computes the invariant factors and a Frobenius decomposition of φ(kerK(u)).
Proposition 4.2 gives the asymptotic complexity of this algorithm.
Proposition 4.2. Let u be a morphism of Drinfeld Fq[T ]-modules whose domain
is φ. Algorithm 4 computes the invariant factors and a Frobenius decomposition
of φ(ker(u)) for a cost of O(MM(d)(log d)(log log d)) arithmetic operations in Fq,
O(r+ degτ (u)) arithmetic operations in K, and O(SM>1(d)(log d)2) Frobenius and
arithmetic operations in K.
Proof. Step 1, computing Mu, costs O(deg(u)) arithmetic operations in K and
O(SM>1(d)(log d)2) arithmetic and Frobenius operations in K, as a direct applica-
tion of Lemma 4.1. Computing an Fq-basis of ker(Mu) (Step 2) costs O(MM(d))
operations in Fq.

The next costly step is the computation of the matrix X of φT as an Fq-linear
endomorphism of kerK(u) (Step 8). The columns of this matrix are the coordinates
of φT (b1), . . . , φT (bd′) relative to the basis B = (b1, . . . , bd′) computed in Step 2.
Still by Lemma 4.1, the computation of φT (b1), . . . , φT (bd′) costs O(r) arithmetic
operations in K and O(SM>1(d)(log d)2) arithmetic and Frobenius operations in K.
Now X is uniquely determined by the equation NX = Y , which can be solved using
standard linear algebra techniques, such as LUP decomposition of N followed by
forward and backward substitution, for a cost of O(MM(d)) arithmetic operations
in Fq [IMH82].

The next costly step is the computation of the Frobenius normal form FX of X,
together with the unimodular transformation matrix S (Step 9). By Lemma 2.12,
this can be done for a cost of O(MM(d′)(log d′)(log log d′)) operations in Fq, which
is contained in O(MM(d)(log d)(log log d)) operations in Fq.

Finally, we need to retrieve the Frobenius decomposition of φ(kerK(u)). We cannot
extract the E-coordinate vectors of the elements of the Frobenius decomposition from
S−1 ∈ Fq

d′×d′
(as in Proposition 2.11), as the columns of S−1 are the B-coordinate

vectors of these elements. The desired E-coordinate vectors are exactly the columns
of S′ (Step 12). The cost of computing S′ is also O(MM(d)) operations in Fq. �
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Algorithm 4: MorphismKernelInvariants
Input: A morphism u from a Drinfeld Fq[T ]-module φ over the finite field K

equipped with the Fq-basis E
Output: The invariant factors and a Frobenius decomposition of φ(kerK(u))
// Compute kerK(u)

1 Compute the matrix Mu ∈ Fq
d×d of u relative to E .

2 Compute an Fq-basis B = (b1, . . . , bd′) of kerK Mu.
3 if kerK Mu = {0} then
4 return (1 ∈ Fq[T ]) and (0 ∈ K)
5 Put the vectors of B in a matrix Nu = [b1, · · · , bd′ ] ∈ Fq

d×d′
.

// Compute the action of φT on kerK(u)
6 Compute the coordinates yi of φT (bi), 1 6 i 6 d′, relative to E .
7 Put the vectors in a matrix Y = [y1, . . . , yd′ ] ∈ Fq

d×d′
.

8 Compute the unique matrix X such that NuX = Y .
// Compute the Frobenius normal form of the action of φT

9 Compute the Frobenius normal form FX ∈ Fq
d′×d′

of X, together with a
change-of-basis matrix S ∈ Fq

d′×d′
such that S FX S−1 = X.

// Convert the vectors to the basis E
10 Compute S−1 ∈ Fq

d′×d′
.

11 Write FX as a block diagonal matrix with entries Cd1 , . . . , Cd`
.

12 Compute the matrix S′ := NS−1 ∈ Fq
d×d′

.
// Record and return the results

13 for i from 1 to ` do
14 Write di for the monic polynomials in Fq[T ] corresponding to Cdi

.
15 Write xi for the element of K whose F -coordinates (relative to E) is the

column with index deg(d1) + · · · + deg(di−1) in S′.
16 return (d1, . . . , d`) and (x1, . . . , x`).

Algorithm 5: ModuleOfPointsInvariants
Input: A Drinfeld Fq[T ]-module φ over the finite field K
Output: The invariant factors and a Frobenius decomposition of φ(K)

1 return MorphismKernelInvariants(0φ) where 0φ is the zero morphism
on φ.

Corollary 4.3. Algorithm 5 computes the invariant factors and a Frobenius decompo-
sition of φ(kerK(u)) for a cost of O(MM(d)(log d)(log log d)) arithmetic operations
in Fq, O(r) arithmetic operations in K, and O(SM>1(d)(log d)2) Frobenius and
arithmetic operations in K.

Remark 4.4. Implementing Algorithm 5 (ModuleOfPointsInvariants) without
using Algorithm 4 (MorphismKernelInvariants) would only be marginally
more efficient. The reason is that in the present description, many intermediate
quantities simplify because the basis of kerK(u) is B itself; we are then computing
the Frobenius normal form of the matrix of φT relative to E itself. The matrix of φT
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can be pre-computed and used for other operations, for a cost of O(r) arithmetic
operations in K and O(SM>1(d)(log d)2) arithmetic and Frobenius operations in K
(Lemma 4.1). The remaining operations cost O(MM(d)(log d)(log log d)) arithmetic
operations in K (Lemma 2.12).

4.1.2. Torsion submodules. For this special case, where u = φa for some a ∈ Fq[T ],
we can directly reuse the invariant factors (di)16i6` and the Frobenius decomposi-
tion (xi)16i6` of φ(K), provided they have been computed (see Algorithm 5 and
Corollary 4.3). Assuming that xi corresponds to di for each i, and following the
notation given prior to Lemma 3.4, we write γi := gcd(a, di) and ρi := di/gi, for
1 6 i 6 `. Then we have an isomorphism of Fq[T ]-modules

φ(K)[a] '
∏̀
i=1

Fq[T ]/(γi).

Furthermore, the elements xa,i = φρi(xi) have order γi. Considering only the set Ia

of indices i such that γi 6= 1, we have

φ(K)[a] =
⊕
i∈Ia

Fq[T ]xa,i.

In other words, (γi)i∈Ia and (xa,i)i∈Ia form the invariants factors and a Frobenius
decomposition of φ(K)[a], respectively. This leads to Algorithm 6.

Algorithm 6: TorsionFromModuleOfPoints
Input: A polynomial a ∈ A, the invariant factors (d1, . . . , d`) and a

Frobenius decomposition (x1, . . . , x`) of φ(K), where φ is a Drinfeld
Fq[T ]-module over the finite field K

Output: The invariant factors and a Frobenius decomposition of φ(K)[a]
1 Compute γi := gcd(a, di) and ρi := di/γi, for all 1 6 i 6 `, using Algorithm 3.
2 Let Ia be the set of indices 1 6 i 6 ` such that γi 6= 1.
3 Compute xa,i := φρi(xi) for all i ∈ Ia.
4 return (γi)i∈Ia

and (xa,i)i∈Ia

For brevity, write da := dimFq
φ(K)[a], and `a := #Ia for the number of invariant

factors of φ(K)[a]. Recall Definition 3.5 for the definition of EV.

Proposition 4.5. Given the invariant factors and a Frobenius decomposition
of φ(K), Algorithm 6 computes the invariant factors and a Frobenius decomposition
of φ(K)[a] for a cost of O(PM(deg(a)) + PM(d) log d + EVd(`a, da)) operations
in Fq.

Proof. The call to Algorithm 3 requires O(PM(deg(a))+PG(d)) operations in Fq by
Lemma 3.4. The last step requires O(EVd(`a, da)) operations in K. Asymptotically,
PG(d) ∈ O(d2) and EVd(`a, da) is at most O(d2), so the total cost of Algorithm 6
is O(PM(deg(a)) + EVd(`a, da)). �

4.1.3. Explicit complexity results. We determine the cost of some of our algorithms
more explicitly, depending on different primitives for Ore polynomials. We start
with Algorithm 5. This algorithm essentially has two steps (Remark 4.4): computing
the matrix MφT

of φT relative to the Fq-basis E = (ε1, . . . , εd) of K and computing
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its Frobenius decomposition. We first ascertain the cost of computing MφT
. We

recall that as K is a finite field with Fq-dimension d, an arithmetic operation in K

can be performed for a cost of Õ(d log q) bit operations [GG13, Chapter 2].
(1) The most naïve method consists of sequentially evaluating φT (ε1), . . . , φT (εd).

Counting r Frobenius applications for an evaluation and O(log q) opera-
tions in K for a Frobenius application using square & multiply, we obtain
Õ(rd2(log q)2) bit operations to compute the matrix of φT .

(2) If we use multipoint evaluation (Algorithm 2 and Lemma 4.1) with SMF(d) =
d2 and square & multiply, the cost of computing MφT

becomes Õ(r +
d3(log q)2). In other words, fast multipoint evaluation is only advantageous
with fast primitives for Ore polynomial multiplication.

(3) If Õ(SM>1(d)) operations in K account for Õ(d
9−ω
5−ω log q) bit operations

as in [CL17b]1, then we can compute MφT
in Õ(rd log q + d

9−ω
5−ω (log q)2) bit

operations. If r is in O(d), this is better than the naïve method of item 1; if
on the other hand d grows while r remains constant, then the naïve method
yields a better complexity in d.

(4) If we use the Euclidean algorithm [LS24, Algorithm 3] in Algorithms 1 and 2,
then computing MφT

is asymptotically no faster than the naïve method, as
the first llcm computation alone requires a quadratic number of Frobenius
and arithmetic operations.

(5) Using the Kedlaya-Umans algorithm [KU11] for Frobenius applications
instead of square & multiply in the naïve method (item 1), Lemma 4.1 gives
a cost Õ(d(log q)2) + (rd2 log q)1+o(1) bit operations.

This shows that the three most advantageous methods for computing MφT
are the

naïve method (item 1), multipoint evaluation using the fast multiplication algorithm
(and the complexity model) of Caruso and Le Borgne (item 3), and multipoint
evaluation using the Kedlaya-Umans algorithm for applications of the Frobenius
endomorphism (item 5).

(1) If we use the naïve method for the computation of MφT
(Item 1), then the

cost of Algorithm 5 is Õ(rd2(log q)2 + MM(d) log q) bit operations.
(3) If we use multipoint evaluation (Algorithm 2) and the model and primitives

of Caruso and Le Borgne for computing MφT
, the cost of Algorithm 5 is

Õ(rd log q + d
9−ω
5−ω (log q)2) bit operations. With respect to the variable d,

the cost of computing MφT
is therefore dominant.

(5) If we use multipoint evaluation (Algorithm 2) and the model and primitives
of Kedlaya and Umans (item 5) in Lemma 4.1, the total cost of Algorithm 5
is Õ(d(log q)2 + MM(d) log q) + (rd2 log q)1+o(1) bit operations.

More generally, we can always assume that O(SMA
>1(d)) ∈ O(MM(d)) (the naïve

method for multiplying two Ore polynomials yields SMA(d) = d2). If we fix
log q and use Õ for clarity, the total cost of Algorithm 5, as per Corollary 4.3,
is Õ(dr + MM(d)) arithmetic operations in Fq and Õ(SMF(d)) applications of
the Frobenius endomorphism. In a model where the cost of applying Frobenius
is not higher than the cost of other arithmetic operations in K, this is a total of
Õ(dr + MM(d)) arithmetic operations in Fq, and relative to d, the computation of
the Frobenius normal form dominates.

1The value of SM>1 in the original article contains a typo that was corrected in [CL26, § 1.2.3].
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Next, we investigate the cost of computing the invariant factors and a Frobenius
decomposition of φ(K)[a], a ∈ Fq[T ], knowing the invariant factors and a Frobenius
decomposition of φ(K). As before, write da := dimFq φ(K)[a] and `a := #Ia for the
number of invariant factors of φ(K)[a]. As discussed in § 3.2, the cost of Algorithm 6
(see Proposition 4.5) is either O(PM(deg(a)) + PM(d) log d+ dad

2) operations in
Fq using a direct method, or O(PM(deg(a)) + PM(d) log d+ `aMM(d)) operations
in Fq using the primitive of Storjohann for polynomial-matrix evaluation [Sto00].
The first method is preferred when da is small with respect to d; otherwise, the
second method should be used. In particular, we see that if the rank is large relative
to deg(a) or da is small relative to d, then it is cheaper to compute the invariant
factors and Frobenius decomposition of φ(K)[a] by reusing those of φ(K).

4.2. The general case. For the general case, we apply the results of § 2.5.2. Recall
from § 2.3 that C is a smooth projective geometrically connected curve over Fq with
a geometric closed point ∞. Recall that A is defined as the ring of functions of Fq(C)
that are regular outside ∞. Then A is finitely generated as an Fq-algebra. The
curve C and the function ring A can be represented in many ways. Here, we assume
that the curve equation is given as P (T1, . . . , Tn) = 0 for some P ∈ Fq[T1, . . . , Tn],
and A is the quotient Fq[T1, . . . , Tn]/(P ). We write gi := Ti mod P , 1 6 i 6 n. Let
φ be a Drinfeld A-module over (K, γ) and u a morphism whose domain is φ. Our
goal is to compute the invariant factors of φ(kerK(u)).

We follow § 2.5.2, with V = kerK(u). For each 1 6 i 6 n, let Mi be the matrix
(with respect to the fixed F -basis E of V ) of the Fq-linear endomorphism φgi

acting
on kerK(u). Let du := dimFq

(kerK(u)). Then we have an isomorphism of A-modules

φ(kerK(u)) ' Adu/Im(Mχ),

where Mχ is the vertical block matrix of blocks (gi Id −Mi)16i6n as in Equation (2.4).
Computing the invariant factors of φ(kerK(u)) then amounts to a simple sequence
of steps:

(1) Computing the matrices M1, . . . ,Mn, and the matrix Mχ;
(2) Computing the Fitting ideals Fitt1(Mχ), . . . ,Fittd(Mχ)
(3) Computing the ideals di := Fittd−i(Mχ)/Fittd+1−i(Mχ), for 1 6 i 6 d.

By Lemma 2.18, the ideals (di)16i6d are the invariant factors of φ(kerK(u)). Gen-
erators of these ideals can be computed using Gröbner bases techniques for ideal
quotients (see [CLO25, Chapter 4, Section 4]).

5. Deciding when the torsion is rational

We conclude with a problem closely related to the computation of rational torsion
submodules, namely determining all a ∈ Fq[T ] for which φ[a] is rational, where φ is
a Drinfeld Fq[T ]-module over a finite field K/Fq with Fq-dimension d. While all the
points of φ(K) are torsion points (they are χφ(1)-torsion elements, where χφ is the
characteristic polynomial of the Frobenius endomorphism of φ), the existence of a
non-constant a ∈ Fq[T ] for which the a-torsion is rational is not guaranteed.

5.1. Anderson motives. First, we briefly introduce Anderson Fq[T ]-motives; see
[And86; Hei04; Pap23; Arm+25] for a general introduction.
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Definition 5.1. The Anderson Fq[T ]-motive attached to a Drinfeld module φ
over K, denoted M(φ), is the K[T ]-module defined by

K[T ] ×K{τ} → K{τ}(∑n
i=0 λiT

i, f(τ)
)

7→
∑n

i=0 λif(τ)φT i .

Importantly, M(φ) is a free K[T ]-module with canonical basis (1, τ, . . . , τ r−1).
Moreover, M defines a contravariant functor, as for any morphism of Drinfeld
modules u : φ → ψ, there exists a morphism of K[T ]-modules M(u) : M(ψ) → M(φ),
defined by M(u)(f) = fu. The functor M is fully faithful, and we can therefore
represent Ore polynomials by tuples of r coefficients in K[T ]; this is easily computed,
as explained in [CL26, Algorithm 1].

5.2. Deciding when the torsion is rational. Current methods for deciding
rationality only handle a fixed a ∈ Fq[T ].

• For any s, write Ks for the degree s extension of K. To determine the
minimal field of definition (i.e. the splitting field) of the a-torsion φ[a], one
can use Anderson motives (§ 5.1). Indeed, φ(Ks)[a] = φ[a] if and only
if the Frobenius endomorphism of Ks is the identity on φ[a]. Using the
correspondence between Drinfeld modules and Anderson motives via the
functor M, this is equivalent to M(τsd) being the identity on the quotient
module M(φ)/M(φ)φa (see [Pap23, § 3.6] for details). We can effectively
write M(τd) as a matrix M ∈ (Fq[T ]/(a))r×r. The minimal s such that
φ(Ks)[a] = φ[a] is then the minimal s such that Ms is the identity. However,
computing s seems computationally hard. For example, when Fq[T ]/(a)
is a field, finding the idempotency order of a matrix requires finding the
multiplicative order of elements in Fq[T ]/(a). As of now, the best methods
to effect this require factoring an integer of the form qn − 1 for some n.

• For a fixed value of a, it is easy to know if the a-torsion is rational. If h
is the τ -valuation of φa, then the a-torsion is rational if and only if φa

right-divides τh(τd − 1).
These two methods determine rationality of the torsion for individual a ∈ Fq[T ],

but are unable to find all a ∈ Fq[T ] with rational a-torsion. We introduce a
method that accomplishes this, beginning with the separable case. Consider the
Anderson motive M(φ) with its canonical K[T ]-basis (1, . . . , τ r−1). As K has finite
Fq-dimension d, the Anderson motive M(φ) is free over Fq[T ] with basis (εjτ

i),
1 6 j 6 d and 0 6 i 6 r − 1, where E = (ε1, . . . , εd) is an ordered Fq-basis of K.

Let p ∈ Fq[T ] be the monic generator of the kernel of the Fq-algebra morphism
γ : Fq[T ] → K. Let a be coprime to p, so φa is separable. Then the a-torsion is
K-rational if and only if φa right-divides τd − 1. As the Fq[T ]-coordinates of φa are
simply (a, 0, . . . ), we have the following proposition.

Proposition 5.2. Let gφ be the gcd of the Fq[T ]-coordinates of τd − 1 ∈ M(φ).
If a ∈ Fq[T ] is coprime to p, then the a-torsion of φ is rational if and only if a
divides gφ.

Recall that the Fq[T ]-coordinates of any element in M(φ) can be computed with
[CL26, Algorithm 1], which gives a direct method to compute gφ, knowing only φT .
One can also express gφ as the lcm of all a ∈ Fq[T ] coprime to p for which the
a-torsion is rational. This invariant can also be recovered using the invariant factors
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of φ(K), and the fact that φ[a] ' (Fq[T ]/(a))r, but our direct computation is more
efficient.

Note that Proposition 5.2 does not hold if a is a multiple of p. Indeed, φa is
inseparable in this case, and so would be all its multiples. However, τd − 1 is
separable. To determine the maximum s such that the ps-torsion is rational, one
can however proceed as follows.

(1) Compute the product nφ of the invariant factors of φ(K). One can ob-
tain nφ directly from the characteristic polynomial of the Frobenius en-
domorphism χφ, as nφ = χφ(1) (see [CL26, Appendix A] for a review of
methods for computing χφ). Indeed, any a ∈ Fq[T ] such that φ[a] is rational
is a divisor of nφ.

(2) Compute the p-adic valuation v of nφ. This can be done for a cost of
O(PM(deg(nφ)) log(deg(nφ)/ deg(p))) operations in Fq using the divide
and conquer method of radix conversion [GG13, § 9.2].

(3) The desired integer s is such that s 6 v. One can find it by trying all
possibilities or by implementing a more sophisticated search algorithm.

Remark 5.3. The cost of computing gφ only depends on the size of the input (the
Ore polynomial φT ) and not on the size of the output. This cost is polynomial. By
contrast, we do not know any efficient method to compute the analogue of gφ for an
elliptic curve over a finite field.

Conclusion

All the algorithms presented herein are deterministic and work well in full
generality. Nevertheless, there may be room for improvement.

(1) In light of Algorithm 6, one might ask whether it could be profitable to
compute the invariant factors and a Frobenius decomposition of φ(kerK(u)),
for some Drinfeld module φ and isogeny u, by reusing the invariant factors
and Frobenius decomposition of φ(K). One would first need to find a matrix
representation of u as an Fq[T ]-morphism (e.g. a presentation matrix), and
not simply as an Fq-morphism. The cost of producing such a representation
is at least O(MM(d)) operations in d, which is not better (in d) than
the estimate of Proposition 4.5. Ultimately, representing isogenies as Ore
polynomials is straightforward, but not necessarily the best representation
for computations.

(2) In Algorithm 6, we compute quantities of the form P (M)x, where P is a
polynomial of Fq[T ] of degree n 6 d, M is a d-by-d matrix with entries
in Fq, and x is a vector. The assumption n 6 d is critical for obtaining
a better complexity (using Storjohann’s method [Sto00, Chapter 9]), as
without it the best method to compute P (M) is that of Paterson and
Stockmeyer [PS73], for a cost of O(

√
nMM(d) + nd2) operations in Fq.

The Paterson-Stockmeyer method is optimal in the general case. This
begs the question of adapting the Paterson-Stockmeyer method (which is
itself a direct adaptation of the Horner method [Hor19]) for computing
P (M)x without computing P (M). It seems that a fundamental obstruction
is the absence of a relevant vector product. Current workarounds involve
a substantial number of precomputations, resulting in a complexity that
is identical to or worse than that of Storjohann’s method. This raises
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the question whether there exists a method for computing P (M)x (in full
generality) whose cost is O(nd+

√
nd2) (optimal in d) operations in Fq.

(3) Algorithm 6 also requires computations related to divisibility chains. Specif-
ically, we need to compute elements of the form φγi

(xi), where the γi form
a divisibility chain. We have not found a way to leverage this divisibility
chain in a way that significantly improves the worst-case complexity, as for
any two i, j with i < j, knowing φγi

(xi), γj/γi and xj does not a priori help
to find φγj (xj). Further investigation into these problems, irrespective of
their application to Drinfeld modules, is warranted. Probabilistic methods
could help in some cases, e.g. when the invariant factors are smooth.

(4) The method of § 4.2 also leaves open questions. The assumption that A
is given as a quotient of Fq[T1, . . . , Tn] enables the use of Gröbner bases
techniques for the computation of the invariant factors of kerK(u). Exploring
and implementing this direction may be worthwhile.

Finally, we reflect on the use of finite fields. This is the setting for most practical
applications, such as computer algebra [DNS21; BMZ25] and coding theory [BDM24;
MP26]). If φ is a Drinfeld module over a finite field K, then φ(K) is finitely
generated, both when A = Fq[T ] and for general function fields. We can leverage
the structure of A as a finitely generated Fq-algebra and encode the action of the
generators using matrices. This is not possible for elliptic curves, where the role of A
is played by Z. If the base field K is a function field, then the module φ(K) is not
finitely generated and its non-torsion part is free with infinite rank ℵ0 [Poo95]. The
torsion part is known to be finite [Pap23, Theorem 6.4.3]. Anderson motives would
likely be an important tool in the computation of these torsion points. Even in the
infinite case (but with a suitable change of variables), they facilitate a representation
of an isogeny by a finite square polynomial matrix whose cokernel is isomorphic to
the kernel of the isogeny. The invariant factors of the cokernel can be recovered
by computing the Smith normal form of the matrix. For finite fields, this strategy
is often less efficient compared to our approach due to the costly manipulation of
polynomial matrices. However, in the general case, Anderson motives simplify the
problem by reducing it to classical computer algebra.
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